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Abstract. In this paper we initiate the study of composition operators on the noncommutative Hardy 
space J^^^ii, which is the Hilbert space of all free holomorphic functions of the form 

oo 

/(Xl, . . . , = ^ ^ aaXa, ^ \aa\^<oo, 

fe=0|Q,|=fe QieF+ 

where the convergence is in the operator norm topology for all (Xi , . . . , Xn ) in the noncommutative 
operatorial ball [_B('H)"]i and -B('K) is the algebra of all bounded linear operators on a Hilbert space H. 
When the symbol (/3 is a free holomorphic self-map of [_B('H)"]i, we show that the composition operator 

is bounded on H^_^^^. Several classical results about composition operators (boundedness, norm esti- 
mates, spectral properties, compactness, similarity) have free analogues in our noncommutative multi- 
variable setting. The most prominent feature of this paper is the interaction between the noncommu- 
tative analytic function theory in the unit ball of , the operator algebras generated by the left 
creation operators on the full Fock space with n generators, and the classical complex function theory 
in the unit ball of C". 

In a more general setting, we establish basic properties concerning the composition operators acting 
on Fock spaces associated with noncommutative varieties V-pg{'H) C [BCH)"]! generated by sets Vo of 
noncommutative polynomials in n indeterminates such that p(0) = 0, p £ Po- In particular, when Vo 
consists of the commutators XiXj — XjXi for i,j = 1, . . . , n, we show that many of our results have 
commutative counterparts for composition operators on the symmetric Fock space and, consequently, 
on spaces of analytic functions in the unit ball of C" . 
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Introduction 

An important consequence of Littlewood's subordination principle (\12\. [6]) is the boundedness of the 
composition operator C^p on the Hardy space 77^(1!)), when t/j : D — ^ D is an analytic self- map of the 
open unit disc D := {z G C : \z\ < 1} and C^^f := f o ip. This result was the starting point of the 
modern theory of composition operators on spaces of analytic functions, which has been developed since 
the 1960's through the fundamental work of Ryff ([H]), Nordgren ([IS], [H]), Schwartz (Pl), Shapiro 
([44]), Cowen ( 2 ) and many others (see 05], [3], [1], and the references therein). They answered basic 
questions about composition operators such as boundedness, compactness, spectra, cyclicity, revealing a 
beautiful interaction between operator theory and complex function theory. In the multivariable setting, 
when is a holomorphic self-map of the open unit ball 

B„:={z=(zi,...,z„)eC": ll^lb < 1}, 

the composition operator C^p is no longer a bounded operator on the Hardy space i7^(B„). However, 
significant work was done concerning the spectra of automorphism-induced composition operators and 
compact composition operators on H^(B„) by MacCluer ([E], [M], [15]) and others (see [3] and its refer- 
ences). The study of composition operators on the Hardy space iJ^(B„) is close connected to the several 
variable function theory in the unit ball of C" ([11]). There is an extensive literature on composition 
operators on other spaces of analytic functions in several variables (see [3]). 

For the interested reader, we mention two very nice books on composition operators: Shapiro's mono- 
graph [45], which is an excellent account of composition operators on i/^(D) and the monograph [3 by 
Cowen and MacCluer, which is a comprehensive treatment of composition operators on spaces of analytic 
functions in one or several variables. 

It is our hope that the present paper will open a new chapter in the theory of composition operators. 
The goal is to initiate the study of composition operators on the noncommutative Hardy space i?baii 
(which will be introduced shortly) and, more generally, on subspaces of the full Fock space with n 
generators associated to noncommutative varieties. The most prominent feature of this paper is the 
interplay between the noncommutative analytic function theory in the unit ball of -B('H)", the operator 
algebras generated by the left creation operators Si, . . . , Sn on the full Fock space with n generators: 
the Cuntz-Toeplitz algebra C*{Si, . . . , Sn) ([!]), the noncommutative disk algebra An and the analytic 
Toeplitz algebra ([26], [22], [2H], [22]), as well as the classical function theory in the unit ball of C" 
([41]'). To present our results we need some notation and preliminaries on free holomorphic functions. 

Initiated in [33J, the theory of free holomorphic (resp. pluriharmonic) functions on the unit ball of 
-B(?^)", where B{H) is the algebra of all bounded linear operators on a Hilbert space H, has been 
developed very recently (see [34], [35], [36], [37], [38], [39]) in the attempt to provide a framework for 
the study of arbitrary n-tuples of operators on a Hilbert space. Several classical results from complex 
analysis and hyperbolic geometry have free analogues in this noncommutative multivariable setting. 
Related to our work, we mention the papers [8], [16], [17], and [48], where several aspects of the theory 
of noncommutative analytic functions are considered in various settings. We recall that the algebra 
^^baii of free holomorphic functions on the open operatorial rt-ball of radius one is defined as the set of 
all power series X]aeF+ '^a^a with radius of convergence > 1, i.e., {aa}^^f+ are complex numbers with 

lim supj,_j.Q^ (X]|Q|=fe I'^aP ) — Ij where is the free semigroup with n generators gi, . . . ,gn and the 
identity go- The length of a e is defined by |q;| := if a = 50 and \a\ := k if a = gi-^ ■ ■ ■ gi^, where 
«i, ■ • ■ , «fe G {1, • ■ • , n}. If (Xi, . . . , Xn) e B{n)"', we denote Xa := X.^^ ■ ■ ■ and Xg„ := In- A free 
holomorphic function on the open ball 

[B(H)"]i := {(Xi, . . . ,X„) e B{nr ■■ \\XiX: + ■■■+ X„X:||i/2 < i| , 

is the representation of an element / G -ffbaii on the Hilbert space "H, that is, the mapping 

00 

[B{nr]i 3 (Xi,...,x„)^/(Xi,...,x„) ■■=J2Y1 aaX^eBin), 

fc=0 \a\=k 
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where the convergence is in the operator norm topology. Due to the fact that a free holomorphic function 
is uniquely determined by its representation on an infinite dimensional Hilbert space, throughout this 
paper, we identify a free holomorphic function with its representation on a separable infinite dimensional 
Hilbert space. 

A free holomorphic function / on [B{'H)'^]i is bounded if ||/||oo := sup||/(X)|| < oo, where the 
supremum is taken over all X S [B{'H)^]i and T-l is an infinite dimensional Hilbert space. Let be 
the set of all bounded free holomorphic functions and let ^baii be the set of all elements / e such 
that the mapping 

[B{nr], 3 (Xi, . . . , x„) ^ /(Xi, . . . , x„) e B{n) 

has a continuous extension to the closed unit ball [B{V.y^]i . Wc showed in [33] that ff^u and Ahau 
are Banach algebras under pointwise multiplication and the norm || • ||oo, which can be identified, via the 
noncommutative Poisson transform ([30]), with the noncommutative analytic Toeplitz algebra and 
the noncommutative disc algebra An, respectively. 

If / : ^ B{n) and ip : ^ are free holomorphic functions then / o is a 

free holomorphic function on [B{H)"]i (see [S^), defined by 



oo 



{foip){Xi,...,Xn)=Y^ ao.if^{Xi,...,Xn), (Xi,...,X„)e [B(H)"]i, 

k=0 \a\=k 

where tp = {ipi, ...,(/?„) and the convergence is in the operator norm topology. The noncommutative 
Hardy space ^f^aii Hilbert space of all free holomorphic functions on [B{H)"']i of the form 

oo 

/(Xi, . . . ,X„) = ^ ^ acXa, ^ la^P < OO, 

fc=0|a|=fc a<£¥+ 

with the inner product {f,g) := J2T=o^\a\=k°-aba, where g = J2T=oJ2\a\=k^aXa is another free holo- 
morphic function in i?baii- "^^^ main question that we answer in this paper is whether f o ip ^ ^baii 
for any / S i?baii ^^'^ whether the corresponding composition operator is bounded. This will be the 
starting point in our attempt to develop a theory of compositions operators on noncommutative Hardy 
spaces. We are interested in extracting properties of the composition operator (boundedncss, spectral 
properties, compactness) from the operatorial or dynamical properties of the model boundary function 
(f SOT- limj.^1 (^(rS'i, . . . , r5„) G (E) C" or the scalar representation of ip, i.e., the holomorphic 
function B„ 9 A i^(A) e B„. 

In Section 1, we characterize the free holomorphic self-maps of [B{H)"]i in terms of the model boundary 
functions with respect to the left creation operators on the full Fock space F^(iJ„). This will be used, 
together with the natural identification of i?baii with F^(Hn), to provide a noncommutative Littlewood 
subordination theorem for the Hardy space iJ^aii • More precisely, we show that ii (p is a. free holomorphic 
self-map of the bah [B(n)"-]i such that ipiO) = and / e TJ^^n, then / o^ e 7j2^,j and ||/o^||2 < ||/||2. 

Section 2 contains the core material on boundedness of compositions operators on the noncommutative 
Hardy space i^baii ^^'^ estimates for their norms. An important role in our investigation will be played 
by the characterization of -ff^aii terms of pluriharmonic majorants ([34]) and the Herglotz-Riesz type 
representation for positive free pluriharmonic functions ([37]). The key result of this section asserts that 
if is a free holomorphic automorphism of the noncommutative ball [B{'H)"]i (see [38]), then 

1/2 /-I , ll,„(n\ll \ 1/2 



l/ll < r./ll < ( ) 11/11 



i+ii'^(o)ii; 

for any / G -ffbaii- Moreover, these inequalities are best possible and we have a formula for the norm of 
C^p. Combining this result with the noncommutative Littlewood subordination theorem from the previous 
section, we obtain the main result which asserts that, for any free holomorphic self-map ip of [S('H)"]i, 
the composition C^pf := f o ip is a bounded operator on i?^aii ^^'^ 

I II ^nMI \ 1/2 



|^(0)||2)1/2<II^^II<^1_ 11^(0)1 
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This leads to an extension of Cowen's ([2]) one- variable spectral radius formula for composition operators 
to our noncommutative multivariable setting. More precisely, we obtain 

r(C^) = lim (l-||^W(0)||)-V2^ 

A;— 5-00 

where ^p^^^ is the fc-iterate of (p. Another consequence of the above-mentioned result is that C^p is similar 
to a contraction if and only if there is ^ G B„ such that tf{£) = ^. This will also show that similarity of 
composition operators on -ff^aii ^'^ contractions is equivalent to power (resp. polynomial) boundedness. 
This is interesting in light of Pisier's ([H]) famous example of a polynomially bounded operator which 
is not similar to a contraction, and Paulsen's f|20)) result that every completely polynomially bounded 
operator is similar to a contraction. For more information on similarity problems we refer the reader to 
[21] and 

In Section 3, extending the classical result obtained by Wolff ([50], [51]) and MacCluer's version for B„ 
(see [13j). we provide a noncommutative analogue of Wolff's theorem for free holomorphic self-maps of 
[i?(H)"]i. We show that if ip : [i3(H)"]i — > [i3('H)"]i is a free holomorphic function such that its scalar 
representation has no fixed points in B„, then there is a unique point C G 9B„ (the Denjoy- Wolff point of 
(/?) such that each noncommutative ellipsoid Ec(C) (see Section 3 for the definition) is mapped into itself 
by every iterate of the symbol tp. We also show that the spectral radius of a composition operator on 
-^baii 1 when the symbol is elliptic or parabolic, which extends some of Cowen's results ([5|) from the 
single variable case. 

In Section 4, we obtain a formula for the adjoint of a composition operator on i?bair shown that 
if (/3 = (cpi, . . . , ipn) is a free holomorphic self-map of the noncommutative ball [i3(H)"]i, then 

where / and ipi^ . . . ,ipn are seen as elements of the Fock space F^{Hn). As a consequence we prove that 
Cip is normal if and only if 

(p(Xi,...,X„) - [Xi,...,Xn]A 

for some normal scalar matrix A E Mnxn with \\A\\ < 1, where [Xi, . . . , X„] is seen as a row contraction. 
This leads to characterizations of self-adjoint or unitary composition operators on H^^^^. A nice connec- 
tion between Fredholm composition operators on iJ^aii ^^^'^ automorphisms of the open unit ball B„ 
is also presented. 

In Section 5, we study compact composition operators on the noncommutative Hardy space ^^^air 
Using some of Shapiro's arguments from the single variable case (see \M^) in our setting as well as some 
results from Section 4, we obtain a formula for the essential norm of the composition operator dp on 
-^bair particular, this implies that C^p is a compact operator if and only if 

lim sup V |(/,(^„)|2 = 0. 
'=^°°/e//L,rll/ll2<i|„|>fc 

Moreover, we show that if C^p is a compact operator on i?baii' then the scalar representation of (/s is a 
holomorphic self-map of B„ which 

(i) cannot have finite angular derivative at any point of 9B„ , and 

(ii) has exactly one fixed point in the open ball B„. 

As a consequence, we deduce that every compact composition operator on iJ^aii similar to a contraction. 
In the end of this section, we prove that the set of compact composition operators on H^^^^ is arcwise 
connected in the set of all composition operators with respect to the operator norm topology. 

In Section 6, we consider a noncommutative multivariable extension of Schroder equation (|43j) which 
is used to obtain results concerning the spectrum of composition operators on iJ^aii i^'^'^ Theorem 16. 4p . 
Combining these results with those from Section 5, we determine the spectra of compact composition 
operators on i?baii- More precisely, ii ip is a. free holomorphic self-map of the noncommutative ball 
[B{'H)"]i and is a compact composition operator on iJ^aiiJ then the scalar representation of ip has 
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a unique fix point ^ G ]B„ and the spectrum <y{Cip) consists of 0, 1, and all possible products of the 
eigenvalues of the matrix 

where — ("01, . . . , := $^ o (ys o $^ and $^ is the involutive free holomorphic automorphism of 
[B{'H)'^]i associated with ^, the functions ipi, . . . ,ipn are seen as elements of the Fock space F'^{Hn), and 
the Hilbert space Hn has ei, 62, . . . , e„ as orthonormal basis. 

In Section 7, we consider composition operators on Fock spaces associated to noncommutative varieties 
in unit ball [B{H)'^]i. Given a set Pq of noncommutative polynomials in n indeterminates such that 
p{0) — 0, p £ Vo, define a noncommutative variety V-pgCH) C [B{T-L)"]i by setting 

Vvoin) {(Xi, . . . , X„) e [B{nr]i : . . . , X„) = for ah peVo}. 

According to [32j . there is a universal model {Bi, . . . , associated with the noncommutative variety 
VvoCH), where Bi = PAf-p^ Si\j\f^^ and A/Vo is a subspace of the full Fock space F^{Hn)- Let Fj^{Vvo) 
be the -closed algebra generated by . . . , Bn and the identity. Using the results from Section 2 and 
the noncommutative commutant lifting theorem [24] (see [47] for the classical case n = 1), we show that 
given any -0 & P^O^Vg) ^ C" with \\tp\\ < 1, one can define a composition operator : Nvq ■^Vg, 
which turns out to be bounded. Many results from the previous sections have analogues in this more 
general setting. In particular, if Vc '■= {^iXj — XjXi : i,j — l,...,n}, then Af-p^ coincides with 
the symmetric Fock space. As a consequence, many of our results have commutative counterparts for 
composition operators on the symmetric Fock space and on spaces of analytic functions in the unit ball 
B„ of C". 



1. Noncommutative Littlewood subordination principle 

In this section, we characterize the free holomorphic self-maps of the unit ball in terms of 

the model boundary functions with respect to the left creation operators on the full Fock space F^{Hn). 
This will be used to provide a noncommutative Littlewood subordination theorem for the Hardy space 

^ball- 

Let Hn be an n-dimensional complex Hilbert space with orthonormal basis Ci, 62, ...,e„, where 
nS {1,2,...}. We consider the full Fock space of iJ„ defined by 

k>l 

where H^'' is the (Hilbert) tensor product of k copies of Hn. We denote Ca ■= ■ ■ ■ if 

= 5ii ■ ■ ■ 9ik ' where ii, . . . ,ik € {1, . ■ . , n\, and Cg^ := 1. Note that {60.}^^^+ is an orthonormal basis 
for F'^{Hn)- Define the left (resp. right) creation operators Si (resp. Ri), i = 1,. . . ,n, acting on F'^(Hn) 
by setting 

Slip :^ (E) (fi, ipeF'^{Hn), 

(resp. Ri(p := ip (E) Ci)- Note that SiRj = RjSi for i,j e {1, . . . , n}. The noncommutative disc algebra 
An (resp. TZn) is the norm closed algebra generated by the left (resp. right) creation operators and the 
identity. The noncommutative analytic Toeplitz algebra F^ (resp. R^) is the the weakly closed version 
of An (resp. TZn)- These algebras were introduced in [26] in connection with a noncommutative version 
of the classical von Neumann inequality ( [H] ) . 

Let C* {Si, . . . , Sn) be the Cuntz- Toeplitz C*-algebra generated by the left creation operators (see 
[3]). The noncommutative Poisson transform at X :— {Xi, . . . ,X„) e [B{H)"]i is the unital completely 
contractive linear map Px ■ C*{Si, . . . , Sn) B{H) defined by 



Pxif] := Hm K:x{f ® In)Krx, f £ C*{Si, . . . , 5„), 

r— ;-l 
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where the Hmit exists in the operator norm topology of B{H). Here, Krx ■ T~L — ?> F'^{Hn) < r < 1, 
is the noncommutative Poisson kernel defined by 

oo 

Krxh := 5^ 5^ e„ (g) rl«l A.x^^/j, h G H, 

k=0 \a\ = k 

where A^x := (In - r^XiX* r^X^X*)^^^. We recall that 

Px[S^S;]^X^X*f,, a,l3e¥+. 
When X := {Xi, . . . , X„) is a pure row contraction, i.e. SOT- lim J2\ai=k -^aX'^ — 0, then we have 

Px[f] = K*xif®In)Kx, f eC*{Si,...,Sn) or / G F^. 

Under an appropriate modification of the Poisson kernel (cq becomes eg where a — gi^, ■ ■ ■ g^^ is the 
reverse of a = • • • g^^, G F+), similar results hold for C*(i?i, . . . , i?„) of . For simplicity, we use the 
same notation for the noncommutative Poisson transform. We refer to [30| . |31) . and |35) for more on 
noncommutative Poisson transforms on C* -algebras generated by isometries. 

According to and [37] , the noncommutative Hardy space -ff^^n (see the introduction) can be identi- 
fied with the noncommutative analytic Toeplitz algebra F!^ . More precisely, a bounded free holomorphic 
function ip on [_B(H)"]i is uniquely determined by its (model) boundary function il){Si, . . . , Sn) S 
defined by 

^ = 'tp{Si, ... , Sn) ■= SOT- lim ip{rSi, ■ • ■ , rSn). 

r— >-l 

Moreover, -0 is the noncommutative Poisson transform of V'(>S'i, S*,!) at X (Xi, . . . , Xn) £ [B{H)"']i, 
i.e., 

^{Xi,...,Xn)^PxmSl,...,Sn)]. 

Similar results hold for bounded free holomorphic functions on the noncommutative ball [_B('H)"]i with 
operator-valued coefficients. There are also versions of these results when the boundary function is taken 
with respect to the right creation operators . . . , i?„. 

Throughout this paper, we deal with free holomorphic self-maps of the unit ball [B{H)"]i. The 
following results gives us, in particular, a characterization of these maps in terms of the model boundary 
functions with respect to the left creation operators on the full Fock space F^{Hn). For simplicity, 
[Xi, . . . , Xn] denotes either the n-tuple {Xi, . . . , Xn) S BiT-L)"^ or the operator row matrix \Xi ■ ■ ■ Xn\ 
acting from the direct sum of n copies of a Hilbert space to %. 

Theorem 1.1. Let : [_B(H)"]i [B{Ti.)"^\^ he a free holomorphic function. Then the following 
statements hold. 

(i) Either C or there exists ( e dM„, such that ifi{X) = ( for all X E 
[B{H)"]i. 

(ii) ip is constant if and only if \\'p{0)\\ = \\ip\\oo- 

(iii) If if is non-constant and ipr{X) := ip{rX), X G [-B('H)"]i, then the map [0,1) 9 ?' i— > ||<y3r||oo 
strictly increasing. 

(iv) If ip is the boundary function of ip with respect to 5*1,..., 5„, then Lp (\B{T-L)^]i) C [B{'H)"'^]i if 
and only if either tp = (^I for some ^ G B„ or Ip is non- constant with \\(p\\ < 1. 

Proof. If ||<i3||oo < 1, then (i) holds. Assume that ||</?||oo — 1- In this case, if ||</3(0)|j < 1 then, according to 
the maximum principle for free holomorphic functions (see Proposition 5.2 from [38 ), we have |j(/3(X)|[ < 1 
for all X G [i?('H)"]i. It remains to consider the case when ||</3(0)|| — 1. Set ( = [Ci, . ■ . , Cm] '■= f{0) G 
dMm and let U G M^xm be a unitary matrix such that [Ci, . . . , Cm]U = £_i := [1, 0, . . . , 0] G 9B,„. Let 
ipu{X) := [Xi, . . . ,X„^]U and note that g := ipu o ip : [B{'H)^]i [BCH)"^]^ is a free holomorphic 
function with g{0) — ^i. Setting g ~ (gi, . . . , gm), we deduce that gi are free holomorphic functions with 
gi{0) = 1 and gi{0) = ii i — 2, . . . ,m. Applying Theorem 5.1 from [38* to gi, we deduce that gi{X) ~ 1 
for all X G [B{-H)"]i. Hence 52 = • • • = ff™ = 0. This implies that that (p{X) = C for all X G [B{H)"]i, 
and completes the proof of item (i). Since the direct implication in item (ii) is obvious, we assume that 
|[(p(0)|[ = |[</5|[oo and |[<p|[oo = 1- The rest of the proof of (ii) is contained in the proof of item (i). 
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To prove item (iii), assume that i/j is non-constant. Due to part (ii), we must have Hv'CO)!! < ll'y'lloo- 
Using again Proposition 5.2 from |3l]), we have < ||v?||oo for all X G Let < ri < 

r2 < 1. We recall that, if r e [0, 1), then the boundary function ipr is in An (8) Mixm, where An is 
the noncommutative disc algebra and ||iy9r||oo = ll^r|| = W'firiSi, ■ ■ ■ ,rSn)\\- Using the noncommutative 
von Neumann inequality (see [26j) and applying the above-mentioned result to tpr2 and {Xi, . . . ,X„) := 
(^5i,...,^5„), we obtain 



llfPnlloo = Wifr^iSl, . . ■,Sn)\\ 



Vr2 — Jl, . . . , —i>r 

r2 r2 



< Il^r2(5'l,...,5„)|| = ||(y5rj|c 



which shows that (iii) holds. 

Now we prove (iv). If ([S(-H)"]i) C then \\ip\\ = ||v?||oo < 1 and the resuh follows. 

Conversely, assume that ||^|| < 1 and ip is not of the form (I for some ^ £ ]B„. Then (p is not a constant 
and due to (ii) we have ||¥'(0)|| < H^'Hoo- Using now item (iii), we deduce that the map [0, 1) 3 r i-^ ||<y3r|loo 
is strictly increasing. If X := (Xi,...,X„) g [B{H)"]i, then there is r € [0,1) such that \\X\\ < r. 
Consequently, due to the noncommutative von Neumann inequality, we have 

\\cp{X,, . . .,Xn)\\ < MrSi,. . . , rSn)\\ = WAloo < 1. 
The proof is complete. □ 

Note that if / G i?baii, then / e ^^baii ^^^'-^ s^^Prefo,!) . . . ,r5„)l|| < oo. Moreover, in 

this case, we have 

II/II2 = lim ||/(r5i, . . . ,r5„)l|| = sup \\f{rSi,...,rSn)l\\- 

'■^1 re[o,i) 

If / = E^o E|a|=fc ^aXa and g = J2T=o E|a|=fc ^"^a arc in i?^^n, then 



{f,g) ^ ji^ifirSi,. . . ,rSn)l,girSi,. .. ,rSn)l)p2(^Hr,) ^ \ X! X! ^aea) 

\QeF+ QeF+ / F^{H„) 

Consequently, the noncommutative Hardy space iJ^aii '^^^ ^'^ identified with the full Fock space F^{Hn), 
via the unitary operator U : iJ^aii ^ P^{Hn) defined by the mapping 

00 00 

^ball 3 XI H H 51 ^ F^iHn)- 

k=0\a\=k fc=0|a|=fc 

This identification will be used throughout the paper whenever necessary. We recall from [3S] that if 
/ : [B{H)"]i — )■ B{7i) and ip : [B{H)"]i — )■ [i?('H)"]i are free holomorphic functions then / o is a free 
holomorphic function on [i?(?^)"]i defined by 

00 

(/o^)(Xi,...,X„) -X J2 aaVc.{Xi,...,Xn), (Xi,...,X„) G [S(H)"]l, 

fc=0 \a\=k 

where the convergence is in the operator norm topology and ip = ((^i, . . . ,ipn). 

We can prove now the following noncommutative Littlewood subordination theorem for the Hardy 
space i?baiii which will play an important role in this paper. 

Theorem 1.2. Let ip be a free holomorphic self-map of the ball [B{'H)"]i such that p{0) = 0, and let 
/e^baii- Then f o cp e Hl^,, «nd ||/ o ^||2 < ||/|j2. 

Proof. Let (p :— {pi, . . . , cpn) be a free holomorphic self-map of the ball [i?('H)"]i such that 93(0) — 0, 
and let p = {pi, . . . , pn) G F.^ (g) C" be the model boundary function with respect to the left creation 
operators Si, . . . , Sn- Thus Ipi :— SOT-limr_>.i (pi{rSi, . . . ,rS'„) for i = 1, . . . , n. Let Vn be the set of all 
polynomials in i^^(iJ„) and define : Vn F^{Hn) by setting 

\ I a I < m / I Q I < m 
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If q := J2\a\<m '^aXa IS a polynomial in -ffbaib then p:=Uq = Y.\a\<m ^^ea is a polynomial in F^{Hn). 
Note that p = p(0) + Si{S*p), where p{Q) = Pep = ao := ag^. Hence, we deduce that 

n 

CipP = ao + ^ ipiC^{S*p). 

i=l 

Since lyj(O) = 0, the vector J2i=i'Pi^'p{'^iP) is orthogonal to the constants in F^{Hn). Consequently, 
using the fact that [^i , . . . , is a row contraction, we have 

2 



I|C^P||2 = I«0| 



< 



|aop + ll©LiC^(5;p)r- 



Note that, for each i = 1, . . . , n, we have 



Hence, using again that ip{0) = and that [^i, . . . , is a row contraction, we deduce that 



0(^*P)(O) 



n / n 



l«i=i 



i=l 



i«i=i 

Similarly, for any fce{l,...,m+l}, we obtain 

2 



+ E^iC'^(^l^^^^) 

2 

2 



c^{s;p) 

|/3|=2 





|^i| = fe-l 



< E + 

|a|=fe-l 



C^iSffP) 

\0\=k 



Using these relations and the fact that S*p = for |7j > m + 1, wc obtain 

Wc^pWI < E = Ml 

|a|<m 

Since UC^U~^p = C^p, we deduce that 

(1.1) \\C^q\\2 < \\qh for any polynomial q G ffbaii- 

Now, we prove that / o is in H^^^ for any / e H^^^ and ||/ o (/j||2 < ||/||2. Let f{Xi, . . . , X„) = 
XlfcLo S|a|=fe '^Q^Q be a free holomorphic function in -ffbaii- Then / o <^ is a free holomorphic function 
on [-B('H)"]i, defined by 

OO 

{fo^){x,,...,Xn) = Y^ E CaMXu...,Xr,), (Xi,...,x„)e[s(wni, 

fe=0 |a|=fc 

where the convergence is in the operator norm topology. In particular, we have 



(1.2) 



{fo^){rSu...,rSn)l = Yl E 

<Pa{rSi,...,rSn)'i-, 

fe=0|a|=fe 
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where the convergence is in F^{Hn). On the other hand, setting pm{Xi, . . . , Xn) ■— J2T=o J2\a\=k (^aXa, 
we have pm — > / in ^^baii ~^ Therefore, {pm} is a Cauchy sequence in i?baii- to relation 

(jl.ip . we have 

Ibm O^p-pkO Lp\\2 < \\pm ~ Pkh, m, fc g N. 

Hence, o (p} is a Cauchy sequence sequence in ^^^^11 ^'^d, consequently, there is g € -ffbaii s^ch that 
p,n o ip ^ g in ffbaii- Hence, for each r G [0, 1), we have 

lim {pmOip){rSi,...,rSn)l = g{rSi, . . . ,rSn)l- 

Combining this relation with f|1.2p . we get 

g{rSi,...,rSn)l = {focp){rSi,...,rSn)l, re [0,1). 

Since f o ip and g are free holomorphic functions, we deduce that f o ^ — g ^ ^baii- Now, since 
o — >• / o in -ffbaii' relation (|l.ip implies ||/ o (^||2 < ||/||2 for any / e -ffbaii- ^he proof is 
complete. □ 

If in addition to the hypothesis of Theorem II. 21 we assume that ip is inner, i.e. the boundary function 
if is an isometry, then we can prove the following result. 

Theorem 1.3. Let if be an inner free holomorphic self-map of the ball [i3('H)"]i such that ip{0) = 0. 
Then the composition operator C^p is an isometry on iy^air 

Proof. Let ip := [ipi, . . . , ipn] be the boundary function of (p with respect to the left creation opeartors. 
Note that due to the fact that ip{0) — 0, we have (1, ^q1) — for any a S F+ with \a\ > 1. On the other 
hand, since [^i, . . . , is an isometry, we have — 5ijlF'^[H„) foi' J G {1; ■ • • j "■}• Consequently, 

if a = (3^ 




if /? = q;7 



if a = /3 
iia^ 13. 



This shows that Wa\ae¥t ^® orthonormal set in H^^^^. If / = X^feLo '^\a\=k ^aXa is in i?baii' then 
setting Pm{Xi, X„) := I]r=o S|a|=fe <^aXa, we have p„ -> / in iJ^aii' as m oo. Note that 

Consequently, {pmO^p} is a Cauchy sequence sequence in i?baii ^'^'^ there is 5 € -^^baii such that PmOip — ^ g 
in -ffbaii- Hence, we deduce that 

g{rSi,...,rSn)l = lim {pm o ip){rSi, . . . ,rSn)l = {f o ip){rSi, . . . ,rSn)l, r£ [0,1). 



Since f o ip and g are free holomorphic functions, the identity theorem for free holomorphic functions 
implies f o ip — g. Therefore, relation (|1.3p implies that C^p is an isometry and the proof is complete. □ 



2. Composition operators on the noncommutative Hardy space iJ^aii 

This section contains the core material on the boundedness of compositions operators on the noncom- 
mutative Hardy space -ffbaii ^^'^ the estimates of their norms. We also characterize the similarity of 
composition operators on iJ^aii to contractions. 

Let 6 be an analytic function on the open disc D. It is well-known that the map ip -.H) ^ R+ defined 
by (p{X) := |^'(A)|^ is subharmonic. A classical result on harmonic majorants (see Section 2.6 in |6J) 
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states that 9 is in the Hardy space 7?^(D) if and only if has a harmonic majorant. Moreover, the least 
harmonic majorant of (f is given by the Herglotz-Riesz ([9], [40]) formula 

In [34], we obtained free analogues of these results. Since these results play an important role in our 
investigation we shall recall them. 

We say that a map h : [B{T-L)'^]i — B{H) is a self-adjoint free pluriharmonic function on [B{'H)'^]i if 
h = 5R/ :— \ {f* + /) for some free holomorphic function / on [B{T-L)"']i. An arbitrary free pluriharmonic 
function is a linear combination of self-adjoint free pluriharmonic functions. A pluriharmonic curve in 
C*(S'i, . . . , Sn) is a map Lp : [0, 1) — > An + A-,} " satisfying the Poisson mean value property, i.e., 

(f{r) ^'Pr_s[ip{t)\ forO<r<i<l, 

where S := (S*!, . . . , Sn) and Pj!s:[u] is the noncommutative Poisson transform of u at X. According to 
[37] , there exists a one-to-one correspondence u ip between the set of all free pluriharmonic functions 

on the noncommutative ball [B(H)"]i, and the set of all pluriharmonic curves ip : [0, 1) — > An + aJ^ ". 
Moreover, we have 

u{X) = Pi^[(^(r)] for X e [B{Hy']r and r E (0, 1), 

and (p{r) = u{rSi, . . . ,rSn) if r e [0, 1). We say that a map ^ : [0, 1) — > An + aJ^ " is self-adjoint if 
ip{r) = ijj{r)* for r e [0,1). We call ip a sub-pluriharmonic curve provided that for each 7 e (0,1) 

and each self-adjoint pluriharmonic curve tp : [0,7] — > An + aJ^ ", if ipil) ^ ¥'(7)1 then ^{r) < 
</?(r) for any r € [0, 7]. We proved that a self-adjoint map g : [0, 1) — > A* + An^ " is a sub-pluriharmonic 
curve in C* {Si ,Sn) if and only if 

g{r) < Prs[g(7)] for < r < 7 < 1. 

We obtained a characterization for the class of all sub-pluriharmonic curves that admit free pluriharmonic 
majorants, and proved the existence of the least pluriharmonic majorant. We mention that all these 
results can be written for sub-pluriharmonic curves in C*(i?i, . . . , Rn), where . . . , R„ are the right 
creation operators on the full Fock space. 

In [33], we showed that, for any free holomorphic function Q on the noncommutative ball [B{H)"]i, 
the mapping 

V^: [0,l)->C*(i?i,...,i?„), (^(r) = e(ri?i,...,ri?„)*e(ri?i,...,ri?„), 

is a sub-pluriharmonic curve in the Cuntz-Toeplitz algebra generated by the right creation operators 
. . . , Rn- We proved that a free holomorphic function Q is in the noncommutative Hardy space -ff^aii 
if and only if ip has a pluriharmonic majorant. In this case, the least pluriharmonic majorant ip for ip 
is given by ip{r) := ^W{rRi, . . . vRn), r e [0, 1), where W is the free holomorphic function having the 
Herglotz-Riesz type representation 

W{Xi,...,Xn) = (Me® id) 

for (A"i, . . . , Xn) G [B{'H)"]i, where /ig : 7?.* -I- TZn — )■ C is a positive linear map uniquely determined by 
the function 9. 

Now, we need to recall from |38] some basic facts concerning the free holomorphic automorphisms of 
the noncommutative ball [B{H)^]i. A map ip : [i?('H)"]i — [B{Hy"]i is called free biholomorphic if ip is 
free homolorphic, one-to-one and onto, and has free holomorphic inverse. The automorphism group of 
[i3('H)"]i, denoted by Aut{[B{7i)'"']i), consists of all free biholomorphic functions of [_B('H)"]i. It is clear 
that Aut{[B{H)"]i) is a group with respect to the composition of free holomorphic functions. We used 
the theory of noncommutative characteristic functions for row contractions ([25]) to find all the involutive 
free holomorphic automorphisms of [B{H)"]i, which turned out to be of the form 

$a(^i,...,^„) --eA(Xi,...,x„), (Xi,...,x„) e [B{nr]i, 




R* ® X, 
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for some A = [Ai, . . . , A„] G B„, where 9a is the characteristic function of the row contraction A, acting 
as an operator from C" to C. We recah that the characteristic function of the row contraction A is the 
boundary function (with respect to . . . , i?„) 

Ga SOT- hm OaMi, . . . , ri?„) 

r— f 1 

of the free holomorphic function 8a : [B{H)"]i [B{H)"']i given by 

ex{Xi,...,Xn) :=-A + Aa (^In-J2hx}j [Xi, . . . , X„]Aa. 

for {Xi,...,Xn) e [B(ny']i, where Aa = (1 - \\X\\l)^/^Ic and Aa* = (Ik - A*A)i/2. For simphcity, 
we used the notation A ;= [Xilg, . . . , A„/g] for the row contraction acting from CJ^"-* to Q, where is a 
Hilbert space. 

In [38], we proved that if A :— (Ai,...,A„) G B„\{0} and 7 := then $a := —©a is a free 

holomorphic function on which has the following properties: 

(i) $A(0) = Aand$A(A)=0; 

(ii) the identities 

In - $A W$A(r)* - Aa(/ - XX*)-\I - XY*){I - XY*)-'Ax, 

/h»c" - $A W*$A(r) - Aa- (/ - x*A)-i(/ - x*r)(/ - A*r)-iAA. , 

hold for all X and Y in [B{n)%; 

(iii) $A is an involution, i.e., ^xi^xiX)) = X for any X e [B('H)"]^; 

(iv) $A is a free holomorphic automorphism of the noncommutative unit ball [B{H)^]i; 

(v) $A is a homeomorphism of onto [5(7^)"] j". 

(vi) $A is inner, i.e., the boundary function $a is an isometry. 

Moreover, we determined all the free holomorphic automorphisms of the noncommutative ball [B{'H)"]i 
by showing that if $ G Aut{[B{7i)"]i) and A := $(0), then there is a unitary operator U on C" such that 

$ = $A o 

where 

<^u{Xi,...Xn) := [Xi,...,Xr,]U, (Xi,...,X„) G [B(H)"]i. 
We have now all the ingredients to prove the key result of this section. 

Theorem 2.1. If ip is a free holomorphic automorphism of the noncommutative ball [B{'H)"]i, then 
Cvf ^ i?baii for all f G iJ^^n, and 

i-ii£»v'^i/ii<iic,/ii<ri±M?iV'^i/ii 



i poss 



for all f G -ff^aU • Moreover, these inequalities are best possible and 



'ball 

1/2 

I I ~I~ I I L/y I I I I I I 1 



I -Mm 



Proof. Let :— (iy9i, . . . , (/?„) be an inner free holomorphic self-map of the noncommutative ball [i?('H)"]i. 
Then the boundary function with respect to the right creation operators . . . , i?„, i.e., 

^ := (1^1, . . . , i^„), where (^j := SOT- lim (^i(ri?,i ri?„), 

7'— >-l 

is an isometry. Consequently, 'p*^Pj = (5ij/i?2(^^) for i,j G Recall that i?i,...,i?„ are 

isometrics with orthogonal ranges, so R^Rj — (5.y /j?2(^^^) for i, j G {1, . . . , n}. Consequently, we have 

ii (3 — aj 
and ^p*a^p — { I ii a — (3 

if a = /37. 





\R^ 


if/3 


= a7 


R*aRp - 1 




if a 






[r; 


if a 


-/37 
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Fix a noncommutative polynomial p{Xi, . . . ,Xn) ■= S|a|<m "a'''"'^"- Note that, using the above- 
mentioned relations and applying the noncommutative Poisson transform (with respect to Ri,. . . ,Rn) 
at [^1, . . . , (fin], we obtain 

(2.2) P[$;i,....ip„] [p{rRi,. ■ . ,rRn)*p{rRi, . . .,rRn)] =_p(r^i, . . . ,ripnyp{ripi, . . .,r(pn) 

for any r G [0, 1). Since p E ^^baii' Theorem 2.3 from [34] shows that the map 

[0,1) 3 r ^ p{rRi, . . . ,rRnyp{rRi, . . . ,rRn) G C* {Ri, . . . , Rn) 
has a pluriharmonic majorant. In this case, the least pluriharmonic majorant is given by 

[0,1) 3r<^ ^W{rRi,...rR.n) e C*(i?i, . . . , i?„), 
where W is the free holomorphic function on [B{H)"]i having the Herglotz-Riesz type representation 



(2.3) W{Xl,...,Xn) = {^ip^id) 



I + ^R*(g)xA ( / - ^ i?* ® X, 



1=1 



for (Xi, . . . ,Xn) & [i?('H)"]i, where fip : 7^* + TZn ^ C is the completely positive linear map uniquely 
determined by the equation 

(2.4) fip{Rt) := \im {p{rRu ... ,rRny S*sp{rRi, ... ,rRn)lA) 

r— >1 

for a e F+, where a is the reverse of a G F+, i.e., a — gt^ ■ ■ ■ gt^ if a — gi^ ■ ■ ■ gi^ e F+. Therefore, we 
have 

p(ri?i,...,ri?„)*p(ri?i,...,ri?„) < 5RW^(ri?i, . . . , rii'„) 

for any r G [0, 1). Hence, using relation (|2.2p and the fact that the noncommutative Poisson transform is 
a completely positive map, we deduce that 

p{ripi,. . . ,r<^„)*p(r^i, . . . , r^„) < 3?W^(r^i, . . . , r^„) 

for any r € [0, 1). The latter relation implies 

|b(r^i,...,r^„)l||2 < (ReW^(r^i,...,^„)l,l) -3f?I^(r(pi(0),...,^„(0)). 

On the other hand, according to the Harnak type theorem for positive free pluriharmonic functions (see 
[36]), we have 

Combining the latter two inequalities and taking r — > 1, we deduce that 



(2.5) WpoipU = ||p(^i, . . . , ^„)ir < fiWiO) ^ _ ii^^^^ii . 

Using the Herglotz-Riesz representation (|2.3I) and relation (|2.4p . we obtain 

W{0) - ^ipil) = lim ||p(ri?i, . . . ,ri?„)l||' = \\p\\l 

r— >-l 

Hence, and using relation f|2.5p . we have 

(i«)"^ 

for any noncommutative polynomial p G H^aii- Let f{Xi, . . . ,Xn) = J2'kLo^\a\=k^<^^<^ ^ ^^^^ 
holomorphic function in ffbaii- Then / o is a free holomorphic function on [B{'H)"]i and 

oo 

(2.7) (/o^)(r5i,...,r5„)l = ^ ^ (/3a(rS'i, . . . ,rSn)l, 

fe = |Q|=fe 
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where the convergence is in F^{Hn). Setting pm{Xi, . . . , Xn) := J2'k=a J2\a\=k '^aXa, we have pm f in 
-^baii as m oo. Therefore, {pm} is a Cauchy sequence in i?baii- relation (|2.6p . we have 

1 /2 

|bmO(p-pfeO(^||2 < (^i^tM^^ ||Pm-Pfc||2, m, fc € N. 

Consequently, {pm°^} is a Cauchy sequence sequence in i?baii ^'i'^ there is 5 G ^baii such that Pm°^ g 
in i?baii as m — > 00. Hence, and using relation (|2.7p . we deduce that 

g(rS'i, . . . ,r5„)l = lim (p,„ o 93)(rS'i, . . . , r5„)l = (/ o (^)(rS'i, . . . , r5„)l, re [0,1). 

Since / o <p and g are free holomorphic functions, the identity theorem for free holomorphic functions 
implies f o ip ^ g. Using that fact that pm o — > / o in i?baii and relation ()2.6|) . we obtain 

(2.8) ll/°*<f^^^V'^l/lk /ei/L... 



Since any free holomorphic automorphism of [i?('H)"]i is inner, i.e., its boundary function with respect 
to _Ri , . . . , R„ is an isometry, the result above implies the right-hand inequality of the theorem. 

Now, we prove the left-hand inequality. For each /i := (/zi, . . . , /x„) S B„, we define the vector 
2p Efc=oE|a|=/cMaea, whcrc Pa ■= fJ-h ' ' ' /^»p if « = 5ii •••ffip e F+ and ii,...,ip G {!,..., n}, and 
= 1. Note that e F^{Hn) and ^^(X) I]fc=o S|a|=fc A^a-'^a is in i^baii- Since is a bounded 
operator on ^^^aii' have 

(c;z^)(x) = J2J2 ^ € 

fe=0 \a\ = k 

for some coefficients 6q € C with X]agF+ l^aP *^ Since the monomials {^a}„g]F-+ form an othonormal 
basis for -ffbaii' each a e F+, we have 

ba = {C^Zf^, Xa) = {Zfj,,Cip{Xa)) 

= {z^L,^a{Sl, . . . , S'„)l) = {(Pa{Sl, . . . , Sn)*Zf^, 1) . 



Since S*Zfj_ = /ijZ^, one can see that ipa{Si, . . . , Sn)* Zfj, = tpa{p,)zf^. Consequently, we deduce that 

ba = faif-i-), a e F+, and 

(2.9) C^Zf, = X! X! fa{fJ')X» = ^vCm)' a* := (M1: ■ • ■ ,Ain) e 1„. 

fc=0 |Q| = fe 

A straightforward computation shows that 

1/2 



Now, we assume that ip = ^\ E Aut{[B{T-L)"]i). Then, using relation (|2.ip . we deduce that 



,l-||'i>A(M)llV V i-IIAlP 



for any /i e B„. Taking /i and using the fact that $a(0) = A, we obtain 

i + ii*A(o)r 



.i-II'I'aWIL 

Combining this inequality with relation p.8[) . we obtain 

which also shows that the right-hand inequality in the theorem is sharp. 



(2.10) \\Ci 
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Now, we assume that v? £ ^ui([i?(?^)"]i) with </?(0) — A. Then, due to [38], we have = $a o 
where C/ G i3(C") is a unitary operator. Since $(7 is inner and $(7(0) = 0, Theorem 11.31 shows that C$„ 
is an isometry. Consequently, using relation (|2.10l) and the fact that = C$^,C$^, we deduce that 



i + ll^(o)lh'/' 



VI -11^(0)11 

Taking into account that $a o = id, we deduce that 

1 /2 

11/11 < ||C*J|||C<,,/|| < Q + 

for any / G ^^bair Now, we assume that ip £ Aut([B{Hy'^]i) with 1^9(0) — A. As above, (p = $[/ and 
= C^^C,^^. Since C^^ is an isometry, the latter inequality implies 

1/2 



lic./ll = lic..c../||>(i^^) 11/11, 



which shows that the left-hand inequality of the theorem holds. To prove that this inequality is sharp, let 
9k G ^baii "^ith Wgkh = 1 and ||C$^|| = limfc^oo \\C^^gk\\- Set fk := C^^gk and note that the inequality 

( l;g;:[o{ii ) IIMI < r$.MI is equivalent to \\C^,gk\\ < (^^ftlS) ' ^^^^^ ^^^^P *° <™' 
and proves our assertion. The proof is complete. □ 

Theorem 2.2. If ip is an inner free holomorphic self-map of the noncommutative ball then 
C^f & Hl^ii for all f G H^^^^, and 

^-'my"m<iic^n<(i±my"m 



,1 + 11^(0)11/ Vi 

for any f G -ffbaii • Moreover, these inequalities are best possible and 



1-11^(0)11 



Proof. First, we consider the case when ip is an inner free holomorphic self-map of the noncommutative 
ball [5(7^)"]! with (p{0) — 0. Then Theorem 11.31 shows that the composition operator is an isometry 
on i^baii ^n-d, therefore, the theorem holds. 

Now, we consider the case when A :— p{0) 7^ 0. Since (p is a free holomorphic self-map of the 
noncommutative ball [B(T-L)"]i, we must have ||A||2 < 1. Let be the corresponding involutive free 
holomorphic automorphism of [_B('H)"]i and let 5* := $a o p. Since $a is inner and the composition of 
inner free holomorphic functions is inner (see Theorem 1.2 from [S9\). we deduce that is also inner. 
Since '5(0) = 0, the first part of the proof implies 

l|C*/||- 11/11, feHU. 

Consequently, using Theorem 12.11 and the fact that $a ° = id, we get 

1/2 

/ I — t— I I \Lf \ I I I I I I \ 

\\c^f\\^\\c^c^j\\ = \\aj>j\\< 

(2.11) 

1-11^(0)11 



i + II'&a(0)|| 
i-||'i>A(o)|| 



for any / G -ffbair Similarly, one can show that 

iir'. fii = iir'.^ fii > f i— ! , 

|$a(0)||; Vl + 11^(0)1 
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for any / G ffbaii- Therefore, the inequahties in the theorem hold. Now, we show that they are sharp. 
According to Theorem l2.H we can find fk S ^^baii with ||/fc|l2 = 1 such that 

1 + II*a(0)||V^' 



Hence, using relation ()2.1ip and the fact that $a(0) — t^^(O), we obtain 

1 /2 

m.|lc,/j=iii.||c../.|H(i^^) , 

which shows that the right-hand inequality in the theorem is sharp. Similarly, one can show that the 
left-hand inequality is also sharp. The proof is complete. □ 

Now, we can prove the main result of this section. 

Theorem 2.3. If ip is a free holomorphic self-map of the ball [-B('H)"]i, then the composition operator 
C^f := f o ip is a hounded on -ffbair Moreover, 

1 / 1-||A||2 V'^ „^ „ /1 + ||<^(0)||^'/' 
< sup ( ^ttW ) < ll^^ll < ' 



(1 - ii^(o)p)i/2 - vi - ll^(A)||V - " ^" - Vi - 11^(0)1 

Proof. If (p(0) = 0, then the right-hand inequality follows from the noncommutative Littlewood subordi- 
nation principle of Theorem 11.21 Now, we consider the case when A :— ^ 0. Since ||A||2 < 1, let 
be the corresponding involutivc free holomorphic automorphism of and let ^ := o ip. Since 

* is a free holomorphic self-map of the ball with ^[/(O) = 0, Theorem \U2\ implies ||C*|| < 1. 

Using Theorem 12.11 and the fact that $a ° 'I'a = id, we deduce that 

\\C4 = \\C^C^^\ < ||C*||||C<,J| 

f i + M0)\\ y^' 
-U-ll^(o)liy ■ 

On the other hand, as in the proof of Theorem 12. 11 we have 

lie ii-iic*ii>^M-(^^_M^V'' 
11^.11 -[i-Mt^Wj 

for any fj. £ B„. Hence, we deduce the left-hand inequality. The proof is complete. □ 

Under the identification of the noncommutative Hardy space i?baii with the full Fock space 
via the unitary operator U : iJ^aii ^ P'^{Hn) defined by 

HLh 3F^f:^lim F{rSi, r5„)l £ F\H„), 

the composition operator : -f^baii ~^ -^baii associated with (p, a free holomorphic self-map of [B{l-Ly^]i, 
can be identified with the composition operator : F'^{Hn) — )• F'^{Hn) defined by 

(oo \ oo 

k=0\a\=k J ^ fc=0|Q|=fc 

for any X^fclo J2\a\=k "'ada e F'^{Hn). Indeed, note that = UC^U~^. 
A consequence of Theorem 12.31 is the following result. 

Corollary 2.4. If Lp is a free holomorphic self-map of the ball then the composition operator 

C^p : F'^{Hn) F'^{Hn) satisfies the equation 

(oo \ oo 

fc=0|Q|=fc / fe=0|a|=fc 

where the convergence of the series is in F'^{Hn) and ip := SOT- lim,._s.i ^{rSi, . . . , rSn) is the boundary 
function of ip luith respect to the left creation operators 5*1 , . . . , 5„ . 
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Proof. Let (p := {(pi, . . . , pn) be the boundary of p and let / = X^fcLo '^\a\=k '^aXa be in iJ^air 
Theorem [531 and the identification of -ff^aii with i^^(iJ„), we have 

1/2 



(2.13) 



p<|a|<m 



< 



1-Il'/'(0)|| 



1/2 



' ' J m— 1 

Cauchy in F'^{Hn) and therefore convergent to an element in F^{Hn). Hence, and using relation p.l3p . 
we deduce that 

'i + \wm\V'\ 



fc=0 \a\=k 



< 



1-11^(0)11 



l/ll 



Similarly, one can show that X^fc^o S|a|=fe °.a</'a(''5'ii ■ ■ • , ''<S'n)l is in F^{Hn) and 



< 



1 + 11^(0)11 



1-11^(0)11 



1/2 



l/ll 



aaPa{rSi,...,rSn)l 

k=0 \a\ = k 

for each r e [0, 1). Consequently, taking into account that p SOT-limr->.i p{rSi, . . . ,rSn), a simple 
approximation argument shows that 



Imi^ ^ aaPairSi,...,rSn)l=Y ^ ttaPa^ 
fe=0|a|=fc fc=0|a|=fe 

in F^{Hn), which together with relation (I2.12p completes the proof. 



□ 



In this paper, we will use either one of the representations or for the composition operator with 
symbol p. 

Corollary 2.5. Let p = {ipi, . . . , p^) be a free holomorphic self-map of the noncommutative ball [_B('H)"]i 
and let be the composition operator on -ff^aii ■ Then the following statements hold. 

(i) \\CA > 1- 

(ii) Cip is a contraction if and only if p(0) = 0. 

(iii) is an isometry if and only if {^Pa^a^Wn orthonormal set in -f^^aii' 

Proof. Since C^pl = 1, we have \\C^\\ > 1. To prove part (ii), note that if ||C^|| = 1, then according to 
Theorem [231 we have 



(1-||^(0)|P)V2 -ll^^l 



1, 



which implies p{0) = 0. Conversely, if 93(0) — 0, the same theorem implies ||C;p|| = 1. Now, assume that 
dp is an isometry. Then 

Sa.p = {C^{X^),C^{X^)) = {po.,P0) , a,l3e F+. 
Conversely, assume that {pa}ae¥„ is an orthonormal set in -ff^aii- Then, for any / = J2T=o S|a|=fe '^aXa 
in the Hardy space i?baii' have 



k=0\a\ = k k=0\a\=k 



The proof is complete. 



□ 



Halmos' famous similarity problem [T asked whether any polynomially bounded operator is similar to 
a contraction. This long standing problem was answered by Pisier l22j in a remarkable paper where he 
shows that there are polynomially bounded operator which are not similar to contractions. In what follows 
we show that, for compositions operators on iJ^aii' similarity to contractions is equivalent polynomial 
boundedness. 
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Theorem 2.6. Let ip be a free holomorphic self-map of the noncommutative hall [_B(H)"]i and let dp be 
the composition operator on i?baii ■ Then the following statements are equivalent: 

(i) is similar to a contraction; 

(ii) is polynomially bounded; 

(iii) is power bounded; 

(iv) there zs ^ G B„ such that ip{^) — ^. 

Proof. The fact that an operator similar to a contraction is power bounded and polynomiahy bounded is 
a consequence of the weU-known von- Neumann inequahty ([49]). We prove that (Hi) (iv). Assume 

that is power bounded, i.e., there is a constant M > such that ||C^|| < M for any k £ N. Note 
that the scalar representation of ip, i.e. B„ 9 A i— >■ ip{X) € B„, is a holomorphic self-map of B„. Suppose 
there is no ^ G B„ such that Lp{£,) — Then, due to MacCluer's result [TJ], there is 7 S c?B„, called the 
Denjoy- Wolff point of the map B„ 9 A i-> <y3(A) G B„, such that the sequence of iterates (pl'^l ip o ■ ■ ■ o ip 
converges to 7 uniformly on any compact subset of B„. In particular, we have |l¥'[''l(0)|| ^ 1 as fc — > 00. 
On the other hand, Theorem 12.31 implies 

iia^:ii = iic^imII > 



" - (1- ||(^W(0)||2)l/2- 

Consequently, ||C^|j — >■ cx) as fc — )■ 00, which contradicts the fact that dp is a power bounded operator. 
Therefore, item (iv) holds. Finally, to prove that (iv) =^ (?), assume that there is ^ G B„ such that 
ifiiO — Set $j o o cf>^, where $^ is the involutive free holomorphic automorphism of [B{H)"]i 

associated with ^. Note that 5* is a bounded free holomorphic function on [B{T-L)"]i and ^'(0) = 0. Due 
to Theorem 11.21 we have ||C*|| < 1. On the other hand, since $j o $j = id and ~ C^^C^s,C^^, the 
result follows. The proof is complete. □ 



Corollary 2.7. Let tp be a free holomorphic self-map of the noncommutative ball [i?('H)"]i and let C\ 
be the composition operator on i?bair V there is ^ G B„ such that (p{£,) = ^, then the spectral radius of 
C^p is 1. 

Proof. According to the proof of Theorem l2.6[ is similar to a composition operator Cq, with ^'(0) = 0. 
Since \l/f'^l(0) = 0, Theorem 11.21 implies ||C^[fc]|| = 1 for any fc G N. Consequently, we have 

r(C^) = r(C*)= lim ||C^w = 1. 

fc— >-oo 

The proof is complete. □ 

Corollary 2.8. Let ip be an inner free holomorphic self-map of the noncommutative ball [i?('H)"]i and 
let Cip be the composition operator on i?bair Then the following statements hold. 

(i) C'^ is an isometry if and only if ip{0) — 0. 

(ii) is similar to an isometry if and only if there is ^ £ B„ such that (p(^) = ^. 
Proof. Assume that dp is an isometry. Due to Theorem 12. 2[ we have 

+ ii^(o)r'/' 



VI -11^(0)11 

Consequently, Lp{0) = 0. The converse follows also from Theorem 12.21 Therefore, item (i) holds. The 
direct implication in item (ii) follows from Theorem 12.61 To prove the converse, assume that there is 
^ G B„ such that ip{£^) = ^ and set ^I* := $^ o o where $^ is the involutive free holomorphic 
automorphism of [5(7^)"] 1 associated with ^. 

According to [39], the composition of inner free holomorphic functions on [_B('H)"]i is inner. Conse- 
quently, ^E* is an inner free holomorphic function and ^'(0) = 0. Due to part (i), the composition operator 
d<s, is an isometry. Since Cj^ = C^^C^C^^, the result follows. □ 



The following result is an extension to our noncommutative multivariable setting of Cowen's ([2]) 
one- variable spectral radius formula for composition operators. 



18 



GELU POPESCU 



Theorem 2.9. Let ip be a free holomorphic self-map of the noncommutative hall [B['H)^]i and let C^p he 
the composition operator on i?baii ■ Then the spectral radius of satisfies the relation 



1-|1^W(0)|1 



Moreover, 

1/2 



if the latter limit exists. 



Proof. Note that Theorem 12.31 implies 
1 



< < f l + ll'^' 'Wll ] <^ ^ ^ 



1 - ||(^W(0)|12; -11^,11 _ _ - ||^[fel(0)| 

Taking fc — > oo, we obtain the first formula for the spectral radius of C^. To prove the second formula, 
note that 

r(C^)= lim (l-||^W(0)||ri/2fe 



I 1 \ l/2fc 

1-||V7W(0)|| \ 



iim 



1/2 



k^oo \1 - 1 1 (^['=+11 (0)11 

if the latter limit exists. The proof is complete. □ 



3. Noncommutative Wolff theorem for free holomorphic self-maps of [B('H)"]i 

In this section, we use Julia type lemma for free holomorphic functions ([39 ) and the ideas from the 
classical result obtained by Wolff ([50], [51]) and MacCluer's extension to B„ (see |13j), to provide a 
noncommutative analogue of Wolff 's theorem for free holomorphic self-maps of [B{H)"]i. We also show 
that the spectral radius of a composition operator on iJ^aii ^ when the symbol is elliptic or parabolic, 
which extends some of Cowen's results ([5]) from the single variable case. 

Julia's lemma ([lO]) says that if / : D — ^ IS is an analytic function and there is a sequence {zk} C B 
with Zk — > 1, f{zk) — > 1, and such that is bounded, then / maps each disc in D tangent to 9D 

at 1 into a disc of the same kind. Wolff ([50], [51]) used this result to show that if / has no fixed points 
in D, then there is a unique point ^ € 9D such that any closed disc in D which is tangent to 9D at ^ 
is mapped into itself by every iterate of /. The Denjoy- Wolff theorem ([50], [5]) asserts that, under the 
above-mentioned conditions, the sequence of iterates of / converges uniformly on compact subsets of E) 
to the constant map g{z) = z G ]S>. The point ^ is called the Denjoy- Wolff point of /. This result was 
extended to the unit ball of C" by MacCluer 13 . 

If yl, i? e B{IC) are selfadjoint operators, we say that A < B ii B — A is positive and invertible, i.e., 
there exists a constant 7 > such that {{B — A)h, h) > 7||/i|p for any h E K.. Note that T e B{K,) is a 
strict contraction (|lr|l < 1) if and only if TT* < I. For < c < 1 and ^1 = (1, 0, . . . , 0), we define the 
noncommutative ellipsoid 

E.(ei):=((X„...,X„)eW: i^^-(^-^)^^if^-il-cm ^Wi^,,,^X^^^ 



with center at (1 — c)^i and containing ^1 in its boundary. If ^ G IB„ we define the noncommutative 
ellipsoid Ec(^) centered at (1 — c)^ and containing ^ in its boundary in a similar manner. 
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In [39], we obtained a Julia type lemma for free holomorphic functions. Let F : [B{H)'^]i — ?> [B{H)"^]i 
be a free holomorphic function and F = (Fi, . . . , Fm)- Let {zk} be a sequence of points in ]B„ such that 
limfe^oo Zfe = (1,0,...,0) e 9B„, limfc^^F(zfc) = (1, 0, . . . , 0) G dM^, and 

hm — — -15 — = L < CO. 

fe^oo 1 - \\Zk\\^ 

Then L > and 

(/ - Fi{X)*){I - F{X)F{X)*)-^{I - Fi{X)) < L{I - X*){I - XX*)-^{I - Xi) 
for any X = (Xi, . . . , X,,) e Moreover, if < c < 1, then 

Lc 



F(E,(ei)) C E^(a), where 7 := 



l + Lc 



In what follows we provide a noncommutative analogue of Wolff's theorem for free holomorphic self- 
maps of [B{H)"]i. 

Theorem 3.1. Let ip : be a free holomorphic function such that its scalar repre- 

sentation has no fixed points in B„ . Then there is a unique point C e 9B„ such that each noncommutative 
ellipsoid Ec(C), c G (0, 1), is mapped into itself by every iterate of ip. 

Proof. Let e (0,1) be a convergent sequence to 1. Define the map ^pk ■ [BiV-Y^]^^ [B{'H)"]rk 
V'fe ■— fkf{X), X e [B('H)"]^^, and note that is a free holomorphic function in Con- 
sequently, its scalar representation Xfc : ~^ [*^"]rfcj defined by Xfc(A) := V'fc(A), A € [C"]^^^, is 
holomorphic in [C"]^^. According to Brouwer fixed point theorem there exists Afc G [^^]rk such that 
x(Afc) = Afe. Hence, (p{\k) — 7^- Passing to a subsequence and taking into account that the scalar 
representation of has no fixed point in B„, we may assume that Afe — )■ C G 9B„. This implies that 
v(Afe) -> C and 



l-IIA 



2 



< 1. 



Consequently, we may assume that 



l-||Afc||^ 



Without loss of generality, we may also assume that C = ^i (I7 0, . . . , 0) G 9B„. Using the above- 
mentioned Julia type lemma for free holomorphic functions, we deduce that i > and 

(3.1) '^(Ec(a)) C E^(ei), where 7 ■ 

1 + — c 

Note that X e Ec(^i) if and only if 

(/ - Xi)(/ - XI) < ^(/ - XX*). 

Since i < 1, it is easy to see that 7 < c, which implies i?^(^i) C iJc(^i). Combining this with relation 
(|3.ip . we obtain (y3(Ec(^i)) C Ec(^i) for any c € (0, 1), which proves the first part of the theorem. 

To prove the uniqueness, assume that there two distinct points (, C G 3B„ such that (p(Ec{C)) ^ Ec(C) 
and (y9(Ec(C')) ^ Ec(C')for any c € (0, 1). Let E^(C) be the scalar representation of the noncommutative 
ellipsoid Ec(C) and let (p"^ be the scalar representation of ip. Choose c, c' € (0, 1) such that E^(C) and 
E^,(C') are tangent to each other at some point ^ e B„. Note that v?*^(^) £ E^(() n E^,(C') = {O, which 
contradicts the hypothesis. The proof is complete. □ 



The point C of Theorem 13. II is called the Denjoy- Wolff point of ip. We remark that Theorem 13.11 shows 
that 

0<lin.infi-^(# = a<L 
The number a is called the dilatation coefficient of p. When n = 1, a is the angular derivative of ip at C. 
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Combining Theorem 13.11 with Juha type lemma for free holomorphic functions f39j , we obtain the 
following result. 

Theorem 3.2. Let (p : [B{H)"]i [B{H)'"']i be a free holomorphic function with Denjoy-WolfJ point 
C £ 5B„ and dilatation coefficient a. Then, for any X G [_B('H)"]i, 

[/ - c^ixm - ^{xMxrr'ii - ^wci < - cx*){i - xx*r'{i ~ xo- 

Let (fi : [B{T-L)"']i — > [B{V.)^]i be a free holomorphic self-map. Following the classical case, (p will be 
called: 

(i) elliptic if ip fixes a point in B„; 

(ii) parabolic if ip has no fixed points in B„ and dilatation coefficient a = 1; 

(iii) hyperbolic if ip has no fixed points in B„ and dilatation coefficient a < 1. 

In the single variable case, when (/s : D — > D, Cowen ( 2 ) proved that the spectral radius of the 
composition operator on i/^(D) is 1 if is elliptic or parabolic, and if p is hyperbolic. We can 
extend his result to composition operators on -ff^aii when the symbol p is elliptic or parabolic. 

Theorem 3.3. Let p> be a free holomorphic self-map of the noncommutative ball [B{'H)"']i. If p is elliptic 
or parabolic, then the spectral radius of the composition operator on -ff^aii ^ ■ 

Proof. The case when p is elliptic was considered in CoroUarv 12.71 Now, we assume that p is parabolic 
and let C, € 9B„ be the corresponding Denjoy- Wolff point. According to MacCluer version [13] of Denjoy- 
Wolff theorem, the iterates of the scalar representation of p converge uniformly to C, on compact subsets 
of B„. In particular, we have t/jl*^! (0) ^ C 

as A; — )■ cxD. Since the dilatation coefficient of is 1, we must 
have liminffc^oo ("^T^^^Ifcrfoyy^) — 1- Consequently, as in the proof of Theorem 12. 9| we deduce that 

i-||yW(o)ll 

Taking into account that C^l ~ 1, the result follows. □ 



r(C,)<limsup( /-"_^,;":'^„ ) <1. 



To calculate the spectral radius of a composition operator on -ff^aii when the symbol is hyperbolic 
remains an open problem. Another open problem is to find a Denjoy- Wolff type theorem (see [S], [50] ) 
for free holomorphic self-maps of 



4. Composition operators and their adjoints 

In this section, we obtain a formula for the adjoint of a composition operator on -ffbaii- ^ consequence 
we characterize the normal composition operators on -ff^aii- ^l^*-" present a nice connection between 
Fredholm composition operators on i?baii the automorphisms of the open unit ball B„. 

Proposition 4.1. Let p = (pi, . . . , pn) be a free holomorphic self-map of the noncommutative ball 
[B{'H)"]i. Then the adjoint of the composition on -ff^aii satisfies the relation 



E 



Proof. According to Theorem 12.31 then composition operator is bounded on the Hardy space -ff^aii- 
If / = EfeLo E|a|=fc Ca^a is in TJ^^n, then, 

k=Q \a\=k 

for some coefficients € C with X]aeF+ I^^P Since the monomials {Xa}a^f+ form an othonormal 

basis for i?baii' have 

= = {f,C^{X^)) = {f,p^) , a e F+. 
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The proof is complete. □ 

We remark that under the identification of ^^baii with the Fock space the operator is 

unitarily equivalent to (see Corollary 12 ■4[) and 

= Yl <?a(l)) ea, 9 e F'^iHn). 

By abuse of notation, we also write C*/ — X]aeF+ (/' ^a) where f,ipi,...,ipn are seen as elements in 
the Fock space i^^(iJ„). 

Theorem 4.2. Let ip be a free holomorphic self-map of the noncommutative hall [_B('H)"]i. Then the 
composition operator Ctp on iJ^aii normal if and only if 

¥>(Xi,...,X„) = [Xi,...,X„]A 

for some normal scalar matrix A £ Mnxn with \\A\\ < 1. 

Proof. Assume that A — [aij]nxn is a scalar matrix and < 1. Then it is clear that the relation 

^{Xi,...,Xn) = [Xi,...,Xn]A, iXi,...,Xn) G [S(H)"]l, 

defines a bounded free holomorphic function ip : [B{T-L)"]i — ^ [B{T-L)"]i. According to Theorem 12.31 the 
composition operator is bounded on -ff^aii- Setting ip — {ipi, . . . , (pn), we have the Fock representation 
(pj = J2p=i o-pjSp for each j = 1, . . . ,n. Fix l3 — gi^ ■ ■ ■ gi^ £ F+ and let a = Cj^ - ■ ■ ej^. Note that 
{ep,'p^) = if |a| ^ I7I, 7 e F+, and 

{ei3,ipa) ^ai^n ■■■'^'■kjk- 
Consequently, using Proposition 14. 11 we deduce that 

|a|=fe 0'=^3i ■■■Sjfc ,ji,...ifce{l,....n} 

Now, define 

7/.(Xi,...,x„) = [Xi,...,x„]A*, (Xi,...,x„) e [B(Hr]i, 

and note that V' : ~^ is a bounded free holomorphic function. Once again. Theorem 

12.31 shows that the composition operator is bounded on Hbaii- Setting ip — (ipi, ...,?/;„), we have the 
Fock representation ipi = X]j=i ^ij^j fo'^ each i = 1, . . . ,n. Hence, if /3 = • • • gi^. G F+, we have 

Q=ejj---ejj. Si,...ik<£{l,...,n} 

This shows that C* = C,^. If we assume that A is a normal matrix, then tp o ip = ijj o tp . Indeed, for any 
(Xi, . . . ,X„) e [S(H)"]i, we have 

((po^)(Xi,...,X„) - [Xi,...,X„]A*A= [Xi,...,X„]AA* = (V'0(^)(Xi,...,X„). 

Consequently, we deduce that 

Now we prove the direct implication. Assume that is a free holomorphic self-map of the noncommu- 
tative ball and the composition operator is normal. Since G^pl = 1, the vector 1 e i^^(iJ„) 
is also an eigenvector for C*. Since, due to Theorem 14.11 C*l — X]aeF+ {^T'fa)ea, we deduce that 
(l,(/3c() = for all a £ F+ with \a\ > 1. In particular, we have {l,(pi) = which implies (pi{0) = for 
i — 1, . . . ,n. Therefore (p{0) = and C* 1 = 1. Consequently, we have 

p{Xi,...,X„) = [Xi,...,Xn]A + {il;i,...,il;n) 

for some matrix A £ Mnxn and bounded free holomorphic functions ipi — X]|q|>2 * ~ l,...,n. 
Consequently, using again the Fock space representation formula for the adjoint of Cip , we obtain 
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which imphes that the subspace A4 := spanjeg; : i — 1, . . . ,n} is invariant under C*. Since M is 
finite dimensional, it is also invariant under and C^\m is a normal operator. This implies that, 
for each j = 1, . . . , n, C^(ej) is a linear combination of ei, . . . , e„ and, consequently, 'p{Xi, . . . , X„) = 
[Xi,...,X„]yl for (Xi,...,X„) e Since ^ : [B{nY]^ we must have < 1. 

Setting ^{Xi, X„) = [Xi, . . . , Xn]A* for (Xi, . . . , X„) e the first part of the proof shows 

that Ctjj is a bounded operator on -ff^aii ^^^'^ ~ ^i^-'^^ normal, we have 



1/101/3 — ^^p^iji — ^ip^ip — '-'ip^V — L'j/iL'ip — '~^ipoipj 

which implies -0 o (^(X) = o V(^), ^ G Hence, we deduce that [Xi, . . . , X.a]A* A = 

[Xi, . . . ,X„]AA* for any (Xi,...,X„) G [BCH)"]i, which implies A* A = AA* . The proof is com- 
plete. □ 

Due to Theorem 14.21 characterizations of self-adjoint or unitary composition operators on -ff^aii 
now obvious. 

Lemma 4.3. Let ip he a free holomorphic self-map of the noncommutative hall [_B('H)"]i and let he 
the composition operator on iJ^aii ■ V kernel of C* is finite dimensional, then the scalar representation 
of Lp is one-to-one. 

Proof. Let A'^-'^ — \ . . . , A^"'''), j = 1, . . . , fc, be fc distinct points in B„ and fix p e {1, . . . , fc}. For each 
j e {1, . . . , fc} with j 7^ p, there exists qj G {1, . . . , n} such that Ag^^ 7^ A^;^^ Define the free holomorphic 
function ipp : [BCH)"]i Bin) by setting 

je{i,...,fe}j#p ■^ij ■^ij 

Note that (pp{\'^P^) = 1 and (ppiX^^'>) = for any j e {1, . . . , fc} with j ^ p. 

For each fi := (^1, . . . ,^„) e B„, we define the vector := J2k=a I]|Q|=fe MqCq, where fia := ' ' ' A^ip 
if a = • • • e F+ and ii, . . . , ip e {1, . . . , n}, and = 1. Since e F'^{H„) and = 7I,z^, one 
can see that q{Si, . . . , Sn)*z^ — q{fi)zf^ for any noncommutative polynomial q. Now we prove that the 
vectors Zx(i} , ■ . • , z^ik) are linearly independent. Let ai, . . . , Ofe G C be such that aiZx^i) + ■ ■ ■-\-akZx(k) = 0. 
Due to the properties of the free holomorphic function ipp, p G {1, . . . , fc}, we deduce that 

(pp{Si,...,Sn)*iaiZx(i) H hakZx(k)) = aiipp{X('^^)zx(i) H h afc(^p(A('=))z;^(fc) 

= ap(fip{X<^P^)zx(p) = OpZxiv) = 0. 
Hence, we deduce that ai = • • • = Ofe = 0, which proves our assertion. 

Let -0 : B„ B„ be the scalar representation of ip, i.e., ip{X) — f{X)^ A G B„. Assume that there is 
^ G B„ such that is an infinite set. Let {A'^^'}fcGN C ^"^(C) be a sequence of distinct points. Due 

to relation \2.9\ . we have C'^{zx(i)) = C^{zx(k)) = z^, which implies Zxu) — Zxw G kerC*. As shown 
above, {zxu)}] G N is a set of linearly independent vectors. Consequently, kerC* is infinite dimensional, 
which contradicts the hypothesis. Therefore, for each ^ G B„, the inverse image is a finite set. 

According to Rudin's result (Theorem 15.1.6 from |4T]), : B„ — > B„ is an open map. Suppose that 
is not one-to-one. Let u,v £ B„, m 7^ w, be such that ip{u) — ip{v), and let U, V be open sets in B„ with 
the property that u € U, v £ V, and C/ n F 7^ 0. Since ip is an open map, we deduce that V'(C^) V"!^) 
is a nonempty open set. Consequently, we can find sequences {A^^'}jgN C U and {/i'--'^}jgN C of 
distinct points such that ^{X^j'>) — ^{fj,^^'>) for all j G N. As above, we deduce that Zxu) — z^u) G kerC* 
for j G N. Using the linear independence of the set {zxu)}jeTi U {z^u)}jeN, we deduce that kerC* is 
infinite dimensional, which contradicts the hypothesis. Therefore, -0 is a one-to-one map. The proof is 
complete. □ 

Note that, unlike the single variable case, if n > 2, then the composition operator dp is not one-to-one 
on i?baii- ^'^^ example, one can take ip — ((^1,931) : — > [B{'H)^]i and / = 6162 — 6261, and note 
that C^f = 0. 
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We remark that if € Aut{[B{7i)^]i), then the composition operator C^p is invertible on iJ^aii 
therefore Fredholm. It will be interesting to see if the converse is true. At the moment, we can prove the 
following result. 

Theorem 4.4. Let ip be a free holomorphic self-map of the noncommutative hall [_B('H)"]i. If is a 
Fredholm operator on -ff^aii' ^^^g^ ^^^g scalar representation of Lp is a holomorphic automorphism ofM^. 

Proof. Let -0 : B„ B„ be the scalar representation of (p, i.e., tp{X) := <,5(A), A e B„. Due to Lemma l473l 
ip is a one-to-one holomorphic map. We need to prove that ip is surjective. To this end, assume that ijj 
is not surjective. Then there is a sequence {A^*^-*} C Bn and ^ € 9B„ such that A'-'"'-' — >■ ^ as /c — )■ oo and 
V'(A*^'^^) w for some w G B„. 

As we will see in the proof of Theorem 15.41 fsee relation (|5.2p ). y — > weakly as fc — oo. On the 

other hand taking into account relation (|2.9p . we have 

Hence, we get 

I^AC")!! 

Since ||z^(;s^(fc)) || — ^ \\ztu\\ < oo and ||z;!^(fc) || — > oo as A: — !• oo, we deduce that 
Denote fk n ^ i i . S is a Fredholm operator on ^^^^11' there is an operator A e B{F^{Hn)) 

such that AC^ — I ^ K for some compact operator £ B{F^{Hn))- Consequently, we have 

(4.1) I|AC;MP = II/, + Kfkf = \\fk\? + \\Kfu\? + 25R {fk,Kfu) . 

Since if is a compact operator, ||/fe|| — 1 and fk ^ weakly as fc — > oo, we must have ||^i^/fe|| — ^ 0. 
Consequently, we have \di{fk,Kfk)\ < ||/fc|| Hi^T/fcH — > as fc — > oo. On the other hand, we have 
II C* /fell — > 0. Now it is easy to see that relation (|4.ip leads to a contradiction. Therefore, ip is surjective. 
In conclusion tp is an automorphism of B„. □ 



VFaC")!!/ 



as fc — >■ oo. 



5. Compact composition operators on -ff^aii 

In this section we obtain a formula for the essential norm of the composition operators on -ffbaii- 
In particular, this implies a characterization of compact composition operators. We show that if is 
a compact operator on iJ^aii' then the scalar representation of </? is a holomorphic self- map of B„ which 
cannot have finite angular derivative at any point of dMn and has exactly one fixed point in the open 
ball B„. As a consequence, we deduce that every compact composition operator on ff^aii similar to a 
contraction. In the end of this section, we prove that the set of compact composition operators on -ff^aii 
is arcwise connected in the set of all composition operators. 

We recall that the essential norm of a bounded operator T e B{T-L) is defined by 

||r||e := inf{||T ~ K\\ : K e B{n) is compact }. 

Theorem 5.1. Let ip be a free holomorphic self-map of the noncommutative ball [B{'H)"']i. Then the 
essential norm of the composition operator on ff^aii satisfies the equality 

1/2 

||Cy||e = lim sup I V |(/,<Pq) 
Consequently, is a compact operator if and only if 



, |Q|>fe 



lim sup V I {f,'pc.) p =0. 
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Proof. Let lyj be a free holomorphic self-map of the noncommutative ball [B{T-l)"]i. Since is a bounded 
composition operator on -ffbaii (see Theorem 12. 3|) . one can use standard arguments (see Proposition 5.1 
from [33]) to show that the essential norm of the composition operator on iJ^aii satisfies the equality 

(5.1) \\CJe = lim WC^PkW, 

where Pk is the orthogonal projection of F^{Hn) onto the closed linear span of all Ca with a E F+ and 
\a\ > k. Indeed, note that the sequence {||C',^J'fc||}feLi is decreasing and, due to the fact that / — Pk is 
a finite rank projection, we have ||Cip||e < ||C(pPfc|| for any fc S N. Hence |jC(^||e < limfc^oo ||CipFfe||. On 
the other hand, let X be a compact operator and a := limfc_j.oo ll-f^'^'fcll- Assume that a > and let e > 
with < a — e. Then there is a sequence hk € F^(_ff„) with \\hk\\ < 1, such that \\PkK*hk\\ > a — e for 
any k > N and some N E N. Since K* is a compact operator, there is a subsequence fc^, g N such that 
K*hk^ — >■ V for some v G F^{Hn). Consequently, taking into account that Pfc„i' — > 0, \\Pk\\ < 1, and 

\\Pk^K*hkJ\ < \\Pk,„v\\ + \\PkJ\\\v-K*hkJ\, 

we deduce that Pk^K* hk^ 0, which is a contradiction. Therefore, limfc_j.oo ||-ft^Pfc|| = 0. Note also that 

\\C^~K\\ > \\{C^^K)Pk\\ > ||C^Pfc||-||Pfci^*||. 

Now, taking fc — cx), we obtain ||Cy ^ K\\ > limfc_j.oo ||C(^-Pfc||, which proves relation (jS.ip . 
According to Proposition 14. 1 1 and the remarks that follow, we have 

PkC;f = E (/: Vc) e., / e F^H,,), 

\a\>k 

where Pk is the orthogonal projection of the full Fock space F^{Hn) onto the closed span of the vectors 
{ca ■ a e F+, |a| > k}, and /, (pi, . . . ,(pn are seen as elements of the Fock space F^{Hn)- Hence, we 
deduce that 

\PkC;\\ = sup I E K/'^") 

/e«Lii-ll/ll<i \|„|>fc 

Combining this result with relation (|5.ip . we obtain the formula for the essential norm of C^. The last 
part of the theorem is now obvious. □ 

Proposition 5.2. Let ip := {ipi, . . . ,ip„) be a free holomorphic self-map of the noncommutative ball 
[B{'H)"']i and let C^p be the composition operator on -ff^aii- Then the following statements hold. 

(ii) // p is inner then dp is not compact. 

(ii) // 1 1 I loo < 1 then is compact. 

(iii) // ||</5i||co + ■ ■ • + llv'nlloo < I7 then Cip is a trace class operator. 

(iv) // ||</5i||^ + ■ ■ • + lly'nll^ < 1, then C^p is a Hilbert- Schmidt operator. 

Proof. To prove item (i), assume first that (p is an inner free holomorphic self-map of the noncommutative 
ball [B{T-L)"]i with 1^9(0) = 0. As in the proof of Theorem 12.21 {^a}aev+ is an orthonormal set in -ffbair 
Consequently, if {aa}\a\>k C C is such that J2\a\>k = 1' then g I]|/3|>fc "/3'P/3 is in F'^{Hn) and 
\\g\\2 = 1- Note also that 

|a|>A; \a\>k 

Since Wa}aevt is an orthonormal set in i?baii' '^e have Y.\a\>k I {f^Va) ? < Wfh for any / e i?bair 
Now, one can deduce that 

sup 

/6^?L.l.ll/ll<l 

Due to Theorem 15. 1[ we deduce that ||C^||e = 1- Now, we consider the case when :— p{0) ^ 0. Since 
the involutive free holomorphic automorphism $^ is inner and the composition of inner free holomorphic 
functions is inner (see [39j), we deduce that ^ := $^ o is an inner free holomorphic self-map of 
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Since 'i'(O) = 0, the first part of the proof shows that is not compact. Taking into account 
that C>ir = C(^C$j , we deduce that is not compact. 

To prove item (ii), let := (yJi, . . . , be the boundary function with respect to the left creation 
operators Si, . . . ,Sn, and set ||(^|| = s < 1. It is easy to see that \\[iPa '■ \<x\ = < \\[ipi, ■ . ■ , = s'', 

k eN. For any g e F'^{Hn) and m e N, we have 



fe=0 |a|=fe 



fc=m+l |a|=fe 

(S,ea) 

[^a : \oi\ = k] 



k=m-\-l 



^ E E Ks.ea) 

fe=m+l \|a|=fe 



\a\ = k 

1/2 

2 



< 



E 



1/2 



1/2 



„2fe 



E E l(S''ea> 

. fc=m+l |a|=/s 



Consequently, the operator G„, : F'^{Hn) F'^{Hn) defined by Gmig) ■= 'l2T=o '^\a\=k (si-- fai'^) has 
finite rank and converges to the composition operator in the operator norm topology. Therefore, 
is a compact operator. 

To prove item (iii), note that 

E ii^^e„ii= ^ ii^„(i)ii<E E 

aeFj aGF+ '==0 |a|=fe 



<E(ii^ii 

fe=0 



< OO. 



Consequently, C,^ is a trace class operator. Finally, we prove item (iv). First, note that C<^ is a Hilbert- 
Schmidt operator if and only if ||<^a||2 < other hand, as above, one ca show that 



E l|C^e„f < Edl^if + • • • + ll^nf )' < 



k=0 



which shows that C„ is a Hilbert-Schmidt operator. The proof is complete. 



□ 



Corollary 5.3. If is an inner free holomorphic self-map of the noncommutative ball [B{'H)^]i such 
that ip{Q) = 0, then the essential norm of the composition operator on -ffbaii 

Theorem 5.4. Let (p be a free holomorphic self-map of the noncommutative ball [B{'H)"']i and let be 
the composition operator on -ffbair Then the following statements hold. 

(i) The essential norm of on -f^baii satisfies the inequality 



\CJ\e > limsup 



ii,ii^rvi-ii<p(A)ii^ 



1/2 



(ii) // is a com,pact operator on -ff^aii' ^^^'^ scalar representation of ip cannot have finite 
angular derivative at any point of dMn ■ 
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Proof. For each fi := (/ii, . . . , /i„) £ 1„, we define the vector := I]^o S|Q|=fc MaGa, where fia ■= 
Mii'-'Mip if a = 9ii---9ip e F+ and ii,...,ip € {!,..., n}, and fj.gg = 1. Since € F'^{Hn) and 
5**2;^ = /ii^^i; one can see that q{Si, . . . ,Sn)* = q{^)zi^i_ for any noncommutative polynomial q. Let 
A^-'') := (A^^^ . . . , Xii^) e B„ be such that \\X^^^\\ ^ 1 as j ^ oo. Since = -y=^==, we deduce that 



x/i-IImIP 



lim < q, 

j^oo \ ||2:^(j)||/ |FaO)| 



where q is seen as a noncommutative polynomial in F^(i?„). Consequently, since the unit ball of F^{Hn) 
is weakly compact and the polynomials are dense in F'^{Hn), there is a subsequence ^'^''^ n which 



converges weakly to as jk oo. Since this is true for any subsequence, we deduce that 

' weakly as HA'^'Ha ^ 1. 



(5.2) 



FaU)| 



UK E B{F^{Hn)) is an arbitrary compact operator, then lim||;!^(i) n^j^ \\K* 
hand, due to relation p.9p . we have 

Using all these facts, we deduce that 

llC^lle = inf{||r- Xll : K G B{n) is compact} 



— 0. On the other 



> lim sup 

||A0)|K1 

= lim sup 

||AO)||^l 



= lim sup 

||AO)||^l 



^A(J) 
I^A(^)| 



\zxu)\ 



1 



1- ||A(j)|p 



1/2 



which proves item (i). 

To prove part (ii), we recall that the Julia-Caratheodory theorem in B„ asserts that if : B„ — > 
analytic and ^ G 9B„, then ij) has finite angular derivative at ^ if and only if 

hmmf — T-TT— < oo, 

A->« 1- A 



where the limit is taking as A — > ^ unrestrictedly in B„ 
according to part (i) , we have 

limsup ' 

Now, combining these results when ijj : B„ - 
(ii) follows. The proof is complete. 



If Cip is a compact operator on i?baii' then 



1/2 



0. 



1-||^(A)P, 

B„ is defined by ip(X) :— A e B„, the result in part 

□ 



We need the following lemma which can be extracted from [14]. We include a proof for completeness. 

Lemma 5.5. Let -ip — {-ipi, . . . , V'n) be a holomorphic self-map of the open unit ball B„ with the property 
that '0(£'(L, Ci)) C E(L,(^i) for each ellipsoid 

S(i,Ci) {AeB„ : |1 - (A, Ci) |' < i(l - || A||2)} , L > 0, 

where Ci ■= (li Oi • ■ • i '^) G Bn- Then the slice function (j}^-^ : D — > D defined by (pQ-^ (z) :— V'i(z, . . . , 0), 
z e D, has the property that 

liminfi^Mf^<l. 

1- z 
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Proof. Note that when w = (r, 0, . . . , 0) G B„ with r e (0, 1) and L := j^, the inclusion ^{E{L, Ci)) C 
E{L,(i) imphes 

|i-^iHP ^ . 
i-II^HIp- ■ 

Hence, and using the inequahty 1 — |?/'i(u')| < |1 — we obtain 

i-\Mw)\ ^ 

1 + IV'iMI " l + r-' 
which imphes >r— \\w\\ and, therefore, 

i-IV'iHI 
i-llHi - 

for w = (r, 0, . . . , 0) € B„. The latter inequality can be used to complete the proof. □ 

In what follows we also need the following lemma. Since the proof is straightforward, we shall omit 
it. We denote by H'^{[B{H)]i) the Hilbert space of all free holomorphic functions on [B{H)]i of the form 
fi^) = X^fcLo '^kX'' with ^2^=0 l^fcl^ ^ ^'^ can be identified with the 

classical Hardy space iJ^(D). 

Lemma 5.6. Let F : —> B{H) be a free holomorphic function and let :— (1, 0, . . . , 0) G dM„ . 

The slice function Fi^-^ : [B{'H)]i — > B{'H) defined by 

FcAY) := FiC^Y), Y e [B{n)]u 

has the following properties. 

(i) is a free holomorphic function on [B{'H)]i. 

(ii) 7/F e then F^, e H^i[B{H)]i) and WF^^.h < \\F\\2. 

(iii) The inclusion H^{[B('H)]i) C T^baii '^'^ isometry. 

(iv) Under the identification of H^^^^ with the full Fock space F^{Hn), 

Fa = PFHm)F, 

where Pp2i^u_^^ is the orthogonal projection of F^(Hn) onto F^{Hi) C F'^{Hn). 

(v) If F is bounded on [B{nY]i, then F^;, is bounded on [B{H)]i and Hi^CilU < ll^lloo- 

Now, we have all the ingredients to prove the following result. 

Theorem 5.7. Let ip — (ipi, . . . , ipn) be a free holomorphic self-map of the noncommutative ball 

// is a compact composition operator on -ff^aii' ihen the scalar representation of ip is a holomorphic 

self-map ofMn which has exactly one fixed point in the open ball B„. 

Proof. Let ip = {ipi, ■ . ■ jV'n) be the scalar representation of ip, i.e. the map iJj : Mn ^ B„ defined by 
ip{X) := </!)(A), A e B„. It is clear that -0 is a holomorphic self-map of the open unit ball B„. Assume 
that ip has no fixed points in B„. According to [13] (see also Theorem 13. ip . there exists a unique Denjoy- 
Wolff point C e 9B„ such that %j){E{LX)) ^ E(LX) for each ellipsoid E{L,C), L > 0. Without loss of 
generality we can assume that C = Ci '■— (li 0^ • ■ • i 0) G ®n- Then, due to Lemma TS. 51 the slice function 
: D — >• D defined by (z) := Vil-^, . . . , 0) has the property that 

liminfl^Mf^<L 

According to Julia-Caratheodory theorem (see 01] )i 't'Ci finite angular derivative at 1 which is less 
than or equal to 1. On the other hand, it is well-known (see also Theorem 15.41 when n = 1) that if a 
composition operator is compact on i/^(D), then its symbol cannot have a finite angular derivative at 
any point. Consequently, C^^^ is not a compact operator on 77^(D). 

Under the identification of iJ^aii with the full Fock space F^{Hn), set 

(5.3) F = Pf2(h^ 
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where Pp2^u^'^ is the orthogonal projection of F^{Hn) onto F^{Hi) C F^{Hn)- According to Lemma 
15.51 r : [B{'H)]i — > [B{T-L)]i is a bounded free holomorphic function. Now we show that Cr is a compact 
composition operator on F^{Hi). Let {/'"*■' be a bounded sequence in F^{Hi) such that /'™^ — ^ 
weakly in F'^{Hi). Since F2(iJi) c F^{H„) and F2(i?„) = F'^{Hi) ® F'^{H{)^, it is easy to see that 
_^ weakly in F^{Hn). Due to the compactness of on F^{Hn), we must have 

(5.4) ||C^/''"'||i=^2(^_^) ^ as TO^oo. 

Since J^™^ G F^{Hi), it has the representation /(™^ = X^fcLo ^'^^ some coefficients a^™-* G C with 
SfcLo l^fcl^ < Hence C^^/^™^ = Z^fcLo^i^Vi. where (^i is seen in F^{Hn), i.e., (^5" := and the 

convergence of the series is in F^(iif„). Note also that, due to (|5.3p . for each k £ (p^ = T'^ + Xk for 
some Xk € F^{Hn) Q F^{Hi). Consequently, we have 

oo oo 
fc=0 fe=0 

= /Mor + g 

for some g £ F^{H„) Q F^{Hi). Hence, we deduce that ||Cr/(™'||F2(ffi) < \\C^f''"'A\F^H^)- Using 
relation (15. 4p . we have ||Cr/'-™''||i^2(^^') — > as m -> oo. This proves that the composition operator 
Cr is compact on F^{Hi). Note also that, under the natural identification of F^{Hi) with H'^{3), i.e., 
/ = SfcLo "^fe^i '"^ — SfcLo composition operator Cr on F^{Hi) is unitarily equivalent 
to the composition operator C^^ on i7^(D). Consequently, C^^ is compact, which is a contradiction. 
Therefore the map ip has fixed points in B„. 

Now we prove that ip has only one fixed point in B„. Assume that there are two distinct points 
^(1)^^(2) g such that = C^^^ and ipi^^^^) = C^^). It is well-known (gT]) that the fixed point set 

of the map tp is affine. As in the proof of Theorem 12. 1[ we have 

^v^M = E E '^"(a^)S" = Zip(p), ^J. := (Ail, . . ■,^J.n) £ B„, 

fc=0 \a\=k 

where the vector e F'^{Hn) is defined by := X^fc^o X]|a|=fe Ma^"- ^ consequence, we deduce that 
C* = for any ^ in the fixed point set A of '0. Since A is infinite and according to the proof of Lemma 
I4.3l the vectors {z^j^gA are linearly independent, we deduce that ker(/ — C*) is infinite dimensional. This 
contradicts the fact that C^ is a compact operator on ff^aii- conclusion, ip has exactly on fixed point 
in B„. This completes the proof. □ 

Combining now Theorem 15 . 71 and Theorem 12.61 we can deduce the following similarity result. 

Corollary 5.8. Every compact composition operator on -ff^aii similar to a contraction. 

Theorem 5.9. The set of compact composition operators on iJ^aii arcwise connected, with respect to 
the operator norm topology, in the set of all composition operators. 

Proof. Let tp — {ipi, . . . , ipn) be a nonconstant free holomorphic self-map of the noncommutative ball 
[B{H)"]i such that C^p is a compact composition operator on ^^^^11- ^'^^ each r e [0, 1], consider the free 
holomorphic map : [5(H)"]i ^ [B{H)"]i defined by ipr{X) = (^(rX), X e [S(H)"]i. If |jv3||oo < 1, 
then ||</3r||oo < 1 and due to Proposition 15. 2[ the operator C^^ is compact on iJ^air ^ow assume that 
llv^lloo = 1- Since (p is nonconstant. Theorem 11.11 implies ||</'(0)|| < 1 and the map [0,1) 3 r i-^ ||<y5r||oo 
is strictly increasing. Therefore ||<i5r||oo < 1 for all r £ [0,1). Using again Proposition 15. 2[ we deduce 
that the operator C^^ is compact on iJ^aii ^ ^ [O;!)- Let /C(i?baii) denote the algebra of 

all compact operators on iJ^aii ^'^^ define the function 7 : [0,1] ^(^baii) by setting 7(r) := C^^. 
Now we show that 7 is a continuous map in the operator norm topology. Fix tq £ [0,1]. For any 
gi^) — EaGF+ G -^baii Set 5r(A) := Y.ae¥+ aaT^^^Xa £ i?baii ^nd uotc that 

(5.5) liffr - 5roll2 ^ asr^ro. 

In particular, taking g — C^f where / £ i?baii ||/||2 < 1, we have ||(/ o ip)^ — (/ o (p)ro\\2 — as 
r ^ rQ. We need to show that the latter convergence is uniform with respect to / G ff^aii with ||/||2 < 1. 
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Indeed, if we assume the contrary, then there is eo > such that for any n E N there is r„ <E [0, 1] with 
I?'™ — '^ol < ^ and there exists /„ S ^^baii '^ith ||/n||2 < 1 such that 

(5-6) II (/n O ¥')r„ - ifn O f)ro\\2 > £0- 

Since C^p is a compact operator the image of the unit ball of i?baii under is relatively compact. 
Therefore there is a subsequence {/n^.} such that 

(5.7) /„, O ^ -> V G i^ball. 

Now, note that 

ll(/«. ° ¥')r„, - (/nfc O (^)^J|2 < ||(/„, O ifi),.,^^ - V^„^ II2 + Hr„^ " V'r.ol|2 + llV'ro " ifn, O </?)rol|2 

< 2||/„fc 0</5--!/;||2 + ll-^r^^^ -■0rol|2. 

Due to relations (|5.5p and (|5.7p . we deduce that 

IK/nfc °</')r„^ - °^)r-ol|2 aS r ^ Tq, 

which contradicts relation (15.61) . Therefore \\Cip^ — C^^^ \\ — ?► as r — , which proves the continuity of the 
map 7. Let x — (xi: ■ ■ ■ tXti) be another nonconstant free holomorphic self- map of the noncommutative 
ball [i?('H)"]i such that is a compact composition operator on i?baii. above, the function £ : [0, 1] — > 
^(-^baii) given by i{r) := C;^^ is continuous in the operator norm topology. It remains to show that there 
is a continuous mapping lo : [0, 1] — ^ ^(-f^baii) such that w(0) — and w(l) = C^„. To this end, since 
||(^(0)|| < 1 and ||x(0)|| < 1, we can define the map a : [0, 1] B„ by setting a{t) := (1 - t)(f{0) + txiO) 
for t e [0, 1]. Using again Proposition 15.21 we deduce that C'^(^t)i is a compact composition operator on 
^baii * G [0, 1]. Now we define uj : [0, 1] ^(^baii) setting a;(i) := Ca-(t)i- To prove continuity 

of this map in the operator norm topology, note that 

(5.8) \\Ca{t)lf - C<7(t')//ll I {f,Z„(t) - Z„(t')) I < ll/l|2||2^(t) - Z^(t')l|2, 

where z\ = 'Ylia^v* ^a&a for A G B„. On the other hand, consider the noncommutative Cauchy kernel 

Ca := (/- Ai^i \nSn)-\ A := (Ai,...,A„) S 1„. Note that ||Ai5i + ••• + A„5„|| = ||A||2 < 1 

and Ca G for any A e B„. We have 

\\Za(t) - Za{t')\\2 = ll(Ccr(t) - C^(4/))l|| < ||C„(t) - C„(t,)|| 
<||C,(,)||||a(,,)||||a(t)-a(0||2. 

Consequently, since B„ 9 A M- Ca G F!^ is continuous, we deduce that [0,1] ^ t ^ z^(^t) € F'^{Hn) 
is continuous as well. Combining this result with relation (j5.8p . we deduce the continuity of w, which 
completes the proof. □ 



6. Schroder equation for noncommutative power series and spectra of composition 

operators 

In this section, we consider a noncommutative multivariable Schroder type equation and use it to 
obtain results concerning the spectrum of composition operators on -ffbaii- ^s a consequence, using the 
results from the previous section, we determine the spectra of compact composition operators on i?baii- 

First, we provide the following noncommutative Schroder ([43]) type result. 

Theorem 6.1. Let A G Mnxn be a scalar matrix and let A — (Ai, . . . A„) be an n-tuple J power series 
in noncommuting indeterminates Zi, . . . , Z„, of the form 

A = [Zi,...,z„].4 + [ri,...,r„], 

where Fi, . . . ,r„ are noncommutative power series containing only monomials of degree greater than or 
equal to 2. If there is a noncommutative power series F which is not identically zero and satisfies the 
Schroder type equation 

FoA^cF 

for some c G then either c — 1 or c is a product of eigenvalues of the matrix A. 
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Proof. Since A G M„xn there is a unitary matrix U G Mnxn such that U~^AU is an upper triangular 
matrix. Setting = [Zi, . . . , Zn]U, the equation F o A = cF is equivalent to F' o A' — cF' , where 
F' -.^ ° F o ^jj-i and 

A' :=$c/oAo$y-i = [Zi, . . . , Z„]U-^AU + U-'iTi, . . . ,rn]U. 

Therefore, we can assume that A — [a^] G Mnxn is an upper triangular matrix. We introduce a total 
order < on the free semigroup F+ as follows. If a, /3 G F+ with \a\ < \/3\ we say that a < p. If a, /3 G F+ 
are such that \a\ = |/3|, then a = gi-^ ■ • • gt^ and {3 — gj^ ■ ■ ■ gj^ for some ii, . . . ,ik, ji, ■ ■ ■ , jk G ■ ■ ■ ^k}. 
We say that a < /? if either ii < ji or there exists p G {2, . . . , fc} such that ii = ji, . . . , ip_i — jp_i and 
ip < jp. It is easy to see that relation < is a total order on F+. 

According to the hypothesis and due to the fact that A is an upper triangular matrix, we have 

i 

(6.1) Aj =^aijXi +rj, j = l,...,n. 

1=1 

Consequently, if a = gi^ ' ' ■ 9ik € F+, ii, . . . G {!,..., n}, then 

(6.2) A„ := A,, • • • A,, = + a,,,, ■ ■ ■ a,,,,X^ + x^°'\ 

where is a power series containing only monomials Xp such that ~ \a\ and (3 < a, and x^"^ is a 
power series containing only monomials X^ with I7I > \a\ + 1. 

Let F — X]^o '^\a\=p '^aZa, Cq. G C, be a noncommutative power series and assume that it satisfies the 
Schroder type equation F o A = \F for some A G C such that A 7^ 1 and A is not a product of eigenvalues 
of the matrix A. We will show by induction over p, that X]|q|=p CqZq = for any p = 0, 1, . . .. Note that 
the above-mentioned equation is equivalent to 

CO CO 

(6.3) ^ ^ Ca^a = -^X! X! •^"^a- 

p=0 I a I =p p=0 I Q I =p 

Due to relation (|6.1I) . we have cq = Acq. Since A 7^ 1, we deduce that cq = 0. Assume that Cq. = for 
any a G F+ with \a\ < k. According to equations (|6.2p and (|6.3p . we have 

00 00 

|a|=fc p=k+l \a\=p \a\=k p=k+l \a\=p 

where dAia) := at^i-^ ■ ■ ■ ai^i^, li a = gi^ ■ ■ ■ gi^, G F+ and ii, . . .ik G {1, . . . , n}. Since x^"^ is a power series 
containing only monomials X^ with I7I > |a| + 1, and the power series A^, \a\ > fc + 1, contains only 
monomials X^- with \a\ > fc + 1, we deduce that 



(6.4) Y (*^" + dA{a)^a) = A ^ c„Z„. 

|a|=fc |Q|=fc 

We arrange the elements of the set {a G F+ : \a\ = fc} increasingly with respect to the total order, i.e., 
/3i < ^2 < • ■ ■ < /^n*- Note that /3i = gi and = g^. The relation (|6.4p becomes 



(6.5) ^ (c^^ *<ft + c^^.d(/3,)X/5,^. ) = A ^ Cft.X^^ . 

Taking into account that is a power series containing only monomials X/3 such that |/3| = \a\ and 
/3 < a, one can see that the monomial Xp ^ occurs just once in the left-hand side of relation (|6.5p . 
Identifying the coefficients of the monomial X/j ^ in the equality (|6.5p , we deduce that 
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Since A ^ = d{l3nk), we must have cp = 0. Consequently, equation ()6.5|) becomes 

Continuing the process, we deduce that cp- — for j = Therefore Ca — for any a G with 

\a\ = fc, which completes our induction. The proof is complete. □ 

Corollary 6.2. Let if — ((/3i, . . . , Lpn) he a free holomorphic self-map of the noncommutative hall [B['H)^]i 
such that ip{S,) — C for some ^ G B„. // there is a free holomorphic function f : [_B('H)"]i — > BiJ-L) such 
that 

f °f = cf 

for some c S C, then either c = 1 or c is a product of eigenvalues of the matrix 

where ip = ("01, . . . , tpn) '■= ${0(^o$^ and $j is the involutive free holomorphic automorphism of [B{'H)^\i 
associated with ^ S B„, and ipi, . . . ,^pn cire seen as elements in the Fock space F^{Hn)- 

Proof. Note that ?A(0) ~ and the equation / o = c/ is equivalent to the equation f'oip — cf, 
where f :— o f o Applying Theorem 16.11 to the power series associated with -ip and /' the result 
follows. □ 

Theorem 6.3. Let ip ~ (ipi, . . . , (/3„) be a free holomorphic self-map of the noncommutative hall [B{'H)"]i 
such that (p{0) — 0, and let C^p he the associated composition operator on i?bair Then the point spectrum 
of contains the conjugates of all possible products of the eigenvalues of the matrix 

where ipi, . . . , ipn are seen as elements in the Fock space F^(Hn). 

Proof. For each m = 0, 1, . . ., consider the subspace K-m ■— spanjeo, : a G F^, |a| < m}. Since Lp{0) — 0, 
we have (C*eQ.,e^) = {ea.^pp) — for any a,/3 G F+ with |a| < m and |/3| > m + 1. This implies 
C^{ICm) ^ K^rn and C* has the matrix representation 



PF^{H„)elCrr,^^\F^{H„)e!C„ 



with respect to the orthogonal decomposition F^{Hn) = /Cm® (F^(i?„)Q/Cm), and crp{C^\jc^) C t7p(C*), 
where <Jp{T) denotes the point spectrum of T . Moreover, since K-m is finite dimensional, we have 

Since C*(/Cto_i) C JCm-i we have the matrix decomposition 



PKrr^elC^-iC^lK^GK^-i 



with respect to the orthogonal decomposition i^^(iJ„) = /Cm ffi (/Cm Q /Cm-i)- Consequently, we have 

•^plC^knJ = f^p(C^k„-i) u crp(^'/c„e/c„_iC'^k™e/c„_i) 
for any to = 1, 2 . . .. Iterating this formula, we get 

rn 

(6.6) <^piC;\Kj = {1}U U MPK,eK,-,C;\^,e^^_J. 

Now, we determine o'p{P]CkQKk-iC^^\iCkeiCk-i) fo^' k ~ 1,2, . . .. As in the proof of Theorem 16.11 we can 
assume that 

ifix) - [Xi, . . . , x„]A + (ri(x), . . . , r„(x)), X = (Xi, . . . , x„) G [b(h)"]i. 
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where A = [aij] € Mnxn is an upper triangular scalar matrix and ri,...,r„ are free holomorphic 
functions on [B{H)"']i containing only monomials of degree greater than or equal to 2. Consequently, 
using the Fock space representation of ipi, . . . ,(pn and Fi, . . . , r„, we have 



(6.7) (fij ^^a.^e^ + Vj, j = l,...,n, 

1=1 

where F^ € i^^(iJ„) spanjeo. : \a\ < 1}. Note that the matrix [(1^9^,6^)]^^^^ is upper triangular 
and its eigenvalues are an, . . . ,a„n- Using relation (j6.7l) . one can see that if a = 9.;^ ■ ■ ■ gi^ G 
ii, . . . ik e {1, . . . ,n}, then 

(6.8) (pa ■■= ipi^ ■ ■ ■ (Pi^ = -0^" + Oiiii • • • Ui^i^ Ca + X^"^ , 

where G spanje^g : |/3| = \a\ and /3 < a} and x'""'^ G span{e^ : I7I > \a\ + 1}. 

We arrange the elements of the set {a e F+ : \a\ ~ k} increasingly with respect to the total order 
introduced in the proof of Theorem 16.11 i.e., /3i < /32 < • • • < /3„fc. We denote (iyi(a) :— ai^i^ ■ ■ ■ ai^i^. if 
01 — dii ' ' ' dik S IF^t ii, . . . «fc G {1, . . . , n\. Note that (^^^ ~ (i(/3i)e/3j + x^^ ^-^d 



<^ft = \ Y1 S-i 6/3,-1 j + rf(ft)eft + x"- if 2 < z < 
for some &^^_jGC, j = l,...,i. Using these relations, we deduce that 



dm ifi = j 

if i < j. 



This shows that the matrix of PKkeKk-i^^\KkeKk-i with respect to the orthonormal basis {e^;}"^j^ is 
lower triangular with the diagonal entries d(/3i), . . . , (i(/3„fc ). Therefore Up^PiCkOKk-iC^^lKkeKk-i) consists 
of these diagonal entries. On the other hand, due to relation ()6.6p . we have 



{1} U y apiPfc 
i=i 

The proof is complete. □ 



Theorem 16.31 and Corollary 16.21 imply the following result concerning the spectrum of composition 
operators on the noncommutative Hardy space -ff^aii- 

Theorem 6.4. Let ip be a free holomorphic self-map of the noncommutative ball [i3(H)"]i such that its 
scalar representation has a fixed point ^ G B„ , and let C^p be the associated composition operator on i?baii • 
Then 

where Veig is the set of all possible products of eigenvalues of the matrix [{i'i, £j)]nxn ^ where ijj — 
{ipi, . . . ,ipn) '■= $^ o o $^ and $^ is the involutive free holomorphic automorphism of [_B('H)"]i as- 
sociated with ^ G B„ . 

Proof. The first inclusion follows from Corollary 16.21 To prove the second inclusion note that 1 = 1 
and = C^^Cy:,C^\ Consequently, 1 G cr{C^) = a{C^). Since ^{0) = 0, we can apply Theorem 16.31 to 
the composition operator and complete the proof. □ 



Now we can determine the spectra of compact composition operators on iJ, 



ball- 



compact composition operator on -ff^aii' ^^c^ scalar representation of ip has a unique fix point ^ G B„ 



Theorem 6.5. Let p be a free holomorphic self-map of the noncommutative ball If C^p is a 

the scalar repr 
I all possible p 



yip 

'ball ^^""^ " + 

and the spectrum cr(C^) consists of 0, 1, and all possible products of the eigenvalues of the matrix 
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where tjj = {ipi, . . . ,'(/'n) '■— $^0(^0$^ and is the involutive free holomorphic automorphism of [B('H)"]i 
associated with ^ G and ipi, ...,?/'„ are seen as elements in the Fock space F^{Hn). 

Proof. If is a compact composition operator on ^^baii' then, according to Theorem I5.7[ the scalar 
representation of <p has a unique fix point ^ G B„. On the other hand, it is well-known that any nonzero 
point in the spectrum of a compact operator is an eigenvalue. Using Theorem I6.4[ we deduce that 

<Jp{C^) C {1} U re^g Q {0} U ap(C^), 

where Veig is the set of all possible products of eigenvalues of the matrix [{tjji, Hence the result 

follows and the proof is complete. □ 

In [14|, MacCluer determined the spectrum of composition operators on iJ^(B„) when the symbols 
are automorphisms of B„ which fix at least one point in B„. The following theorem is an extension of 
this result to compositions operators on -ff^aii induced by free holomorphic automorphisms of [B{'H)"]i. 

Theorem 6.6. Let ip G Aut(B{'H)i) be such that ip{S,) — C for some ^ £ B„. Then the spectrum of the 
composition operator C^p on ^^^^11 closure of all possible products of the eigenvalues of the matrix 

where ip = (ipi, . . . yipn) '■= $^0(^0$^ and $j is the involutive free holomorphic automorphism of [_B('H)™]i 
associated with ^ £ B„. Moreover, <j{Cip) is either the unit circle T, or a finite subgroup ofT. 



Proof. Note that V' G Aut{B{H)i) and '0(0) = 0. According to ^38j, the free holomorphic automorphism 
ip has the form ipiX) = [Xi, . . . , Xn]U for some unitary matrix U G M„xn- It is easy to see that 
U = 6j)]„xn- Since U is unitary there is another unitary matrix W G -M„xn such that 

w-^uw = 

where wi, . . . , are the eigenvalues of U. Set x '■— o -0 o ip^, where ipwiX) := [Xi, . . . , Xn]W for 
X := [Xi, . . . ,X„] G Note that x(X) = [^i, • • .,Xn]W-'UW and = C^^^^C^^^C^C^^C^^ . 

Hence, cr(C^) — cr{ip) — Now we determine the spectrum of C^- Since is invertible and 

V'(O) = 0, Theorem O implies \\CJ = ||C^^|| = 1. Therefore, cr(Cx) C T. Using now TheoremHH we 
deduce that Veig C a{C^) C T, where Veig is the set of all possible products of eigenvalues of the matrix 
U. It is obvious that if Veig = T, then a{C^) — T. When Veig 7^ T, then Veig is a finite subgroup of T. 
Consequently, there is m G N such that Veig = {z E T : z™ = !}• This implies = 1 for j ~ 1, . . . ,n 
and = /. Consequently, if A G a{C^) then A" G cr{C'^') = {1}. This shows that A G Veig and 
completes the proof. □ 



Wi 


• 


• 







• 





• 


■ Wn 



Comparing our Theorem 16.61 with MacCluer result (see Theorem 3.1 from [15): we are led to the 
conclusion that if (/3 G Aut{B{H)i) has at least one fixed point in B„, then the spectrum of the composition 
operator C^p on iJ^aii coincides with the spectrum of the composition operator C^c on iJ^(B„), where 
(fi^ is the scalar representation of (p. 

Theorem 6.7. If (fi G Aut{B{H)i) and there is only one point C G B„ such that (^(C) = ( and ( G 9B„, 
then the spectral radius of the composition operator on ff^aii equal to 1 and (j{C^) C T. 

Proof. The proof that the spectral radius is 1 is similar to that of Theorem l3.31 in the parabolic case. The 
inclusion cr(C<p) C T is due to the fact that ip~^{() = ( and, according to the first part of the theorem 
we have r(C-i) = r(C^) = 1. □ 
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7. Composition operators on Fock spaces associated to noncommutative varieties 

In this section, we consider composition operators on Fock spaces associated to noncommutative va- 
rieties in unit ball [B('H)"]i and obtain results concerning boundedness, norm estimates, and spectral 
radius. In particular, we show that many of our results have commutative counterparts for composition 
operators on the symmetric Fock space and on spaces of analytic functions in the unit ball of C". In 
particular, we obtain new proofs for some of Jury's (jll]) recent results concerning compositions operators 
on B„ . 

Let Vq be a set on noncommutative polynomials in n indeterminates such that p{0) — for all p (z Vo- 
Consider the noncomutative variety V-Poi'H) C [_B('H)"]i defined by 

VvoW :={(Xi,...,X„) e [B{ny\ : p(Xi,...,X„) = Oforallpe7'o}. 

Let 

Mvo :=span{5ap(S'i,...,5„)5/5l : peVo,a,l3e ¥+} 

and A/po ■= F^{Hn)QMvo- We remark that 1 e Afvo and the subspace A/Vo is invariant under SI,. . . , 5'* 
and Rl, . . . ,Rn- Define the constrained left (resp. right) creation operators by setting 

Bt := PtVpo Si |aAp„ and Wi := PaAp^ Ri Wvg ' « = 1, ■ ■ • , 

We proved in [32] that the rt-tuple {Bi, . . . , Bn) G V-Poi-^Vo) is the universal model associated with the 
noncommutative variety V-P(,('H). Let F^{Vvo) t>e the w*-closed algebra generated by Bi, . . . ,Bn and 
the identity. The w* and WOT topologies coincide on this algebra and 

F-(VpJ = PaA.„F-|^,„ = {/(Si, . . . , B„) : / e F^}, 

where if / has the Fourier representation ciaSa then 

oo 

= SOT-lim V V rl"la„B„. 

r— ^ — ^ ^ — ^ 

k=0 \a\=k 

The latter limit exists due to the F^-functional calculus for row contractions [27]. Similar results hold 
for R^{V-pg), the w*-closed algebra generated by Wi, . . . , Wn and the identity. Moreover, 

F^^iVvoY = RniVvo) and i?-(VpJ' = i^„°°(VpJ, 

where ' stands for the commutant. According to [32], each x & F^{^Vo) generates a mapping x ■ 
Vvo{n)^B{n) given by 

. . . , X„) := PxK], X (Xi, . . . ,X„) e VvjH), 
where Fx is the noncommutative Poisson transform associated with V-Pq('H). On the other hand, since 

oo 

x(Xi,...,x„) = ^ J2 aaXa, (Xi,...,x„)e Vp„(H), 

fc=0 \a\=k 

where the convergence is in the operator norm topology. This shows that x is the restriction to V-p^ (H) 
of a bounded free holomorphic function on [_B('H)"]i, namely X i— (j){X) = Pxi'^A- We remark that the 
map X does not depend on the choice of G F^ with the property that x — Pm-pq 't'Wvo ■ ■'^^te also that 

x(o) = (xi,i)- 

We remark that when / e F^{Hn) and / = J2'kLo S|a|=fc ^a^a, then / e JV-pg if and only if 

oo oo 
k=0\a\ = k fc=0|Q|=fc 

We say that tp £ F^{V'Pg) (8) C" is non-scalar operator if it does not have the form {ail^^^ , . . . , a„/v.p^ ) 
for some Oi G C. The main result of this section is the following. 
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Theorem 7.1. Let ijj = (-01, . . . ,"0") G ^^O^Vo) ® C" be a non-scalar operator with < 1. Then the 
following statements hold. 

(i) Vd G -Mcq ^'^^ representation X^fcLo S|a|=fc CqCq then 

oo 

fc=0 |Q|=fc 

where the convergence of the series is in F^{Hn). 

(ii) The composition operator : Af-Po ~^ -^Vo defined by 

C^g-^goi^, geMpo, 

is bounded. Moreover, 



/t^o^^CO) < sup < Cr < 



(iii) The adjoint of the composition operator : M-Po ^ J^Va satisfies the formula 

oo 

fe=0 \a\ = k 

Proof. Since i?^(V-Po)' — F^(V-Po), the operator i/; : A/Vq^C" — > A/Vo satisfies the commutation relations 

Since Wi := PVt^q-RiIaAp,-, , i = 1, . . . , n, it is clear that [Ri ® /c„, ... ,Ri® Ic„] is an isometric dilation 
of the row contraction \Wi ® /c„ , ■ • ■ , Wi ® /c„] • According to the noncommutative commutant theorem 
[24] . there exists tp = [<^i, . . . , <^„] : F'^{Hn) (X) C" -> F'^{Hn) with the properties ||(^|| < 1, <^*|7Vpo = V"*, 
and (Ei/c") = Ri'? for z = 1,...,?t,. Hence, we deduce that ip*\j^^^ = ip* and ipjRi — Riipj for 

i,j = 1, . . . ,n. Since, due to the commutant of the right creation operators . . . ,i?„ coincides 
with the noncommutative analytic Toeplitz algebra , we deduce that (pj G F^, j = 1, . . . , n. Since 
^*|a/pq = tp* and ■0 is a non-scalar operator, so is ip. According to Theorem 12.31 and Corollary 12. 4[ the 
composition operator : F^(i/„) F^(i/„) satisfies the equation 

(oo \ oo 

aaCa \ = YY1 
fe=0|a|=fe J fe=0|Q|=fe 

for any / = Xl^o I^|a|=fe in F'^{Hn). Since ^*|Arpg = if* , j = 1, ... ,n, we have P^f^,^^pa\^^J,^ = tfa 
for all a € F+. Since 1 G A/Voi we assume that / S Afpg in relation (|7.ip and, taking the projection on 
jVpo, we complete the proof of part (i). 

Now, to prove item (ii), note that part (i) implies — Pm-p^^ C^\_\fp^ . Using this relation and Theorem 

1/2 

12. 3[ we deduce that \\C,^\\ < it^{[^[o)|| ^ • Recall that z\ :— J2a£¥+ "^aCa, A G B„. Note that if 
A = (Ai, . . . , A„) is in the scalar representation of the noncommutative variety V-p^, i.e., 

VvoiC) :={(Ai,...,A„) eB„ : p(Ai, . . . , A„) = 0,p G T^o}, 

then we have 

{[SaP{Si, Sn)Si3]{l), Zx) = \aP{\)\f} = 0, 

for any p E Va and a, /3 £ F+. Hence z\ E M-Po for any A E V73„(C). As in the proof of Theorem 12. 11 we 
have 

^h^t^ = X! X! Va{lj)ec, = Z^(^), M (Ml, - ■ - iMn) e Bn, 

fc = |Q|=fc 
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Now, note that 

\\C*jZ 

||c^I1 = ||c;hi>^ 



Ml 



ll^pll \\z^,\\ 

for any A e V-Po (C) . Since e Vp^ (C) the first two inequahties in part (ii) foUow. 
Now, it remains to prove part (iii). According to Proposition 231 we have 

Since ^Vpq^oIa/'pq — i^a for ah a G F+ and 1 G A/po, we deduce part (iii). The proof is complete. □ 

We remark that under the conditions of Theorem 17. 11 we can use Theorem 1 1.1 1 to show that 
||V(Xi,...,X„)|| <1, (Xi,...,X„) G Vpo(H). 
Consequently, g o ip induces the map 

oo 

k=Q \a\=k 

where the convergence is in the operator norm topology. Using Corollarv l2.4[ we deduce that 

lim((7 o ^)(ri3i, . . . , r_B„)l = g o ip. 

r— ^1 

Moreover, the map g oip is the restriction to V-Po('H) of the free holomorphic function g o (f ow 
where was introduced in the proof of Theorem 17.11 

Corollary 7.2. Let tjj = {ipi, . . . G F^{V-Po) ^ C" be a non-scalar operator with < 1 and 

p(V'(0)) — for all p Cz Vq. Then the norm of composition operator : M-Pa ^ satisfies the 

inequalities 



< wcrw < ('-±m^) 



1/2 



(i-ii^(o)p)i/2 v-'i - vi-iiv(o)ii; ■ 

Moreover, the spectral radius of satisfies the relation 

hm (1-||^W(0)|1)-V2'=. 

^ /C— >C30 

Proof. Since ^(-0(0)) = for all p G Va, we have ?A(0) G V-p^{C) and, as in the proof of Theorem 17. 11 we 
deduce that z^(o) G Af-Po- Consequently, 

II^Vpo^V(0)ll = lkv(0)ll = (1 - ||^^(0)||2)l/2- 

Combining this relation with part (ii) of Theorem 17.11 we deduce the inequalities above. The proof of 
the last part of this corollary is similar to the proof of Theorem 12.91 □ 



Now we consider an important particular case. If Vc ■— {XiXj — XjXi : i,j — l,...,n}, then 
A/Pe = spanjzA : A G B„} — F^, the symmetric Fock space. For each A = (Ai, . . . , A„) and each n-tuple 
k := (fci, . . . , fc„) G NJJ, where No := {0, 1, . . .}, let A*' := A^ • • • A^". For each k G NJf, we denote 

Ak := {a G F+ : A„ = A'' for ah A G C"} 

and define the vector 



— — ^ Ca G F^{Hn), where 7k := cardAk. 
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The set {w^ : k G Nq} consists of orthogonal vectors in F'^{Hn) which span the symmetric Fock space 
and = The symmetric Fock space can be identified with the Drury-Arveson space 

of all functions : B„ — >• C which admit a power series representation ip{X) — X^ksNo ^kA*' with 

||<^||2 = ^ |ck|^— < OO. 

keNo 

More precisely, every element Lp — X^keNo ^kw'^ in F^ has a functional representation on B„ given by 
(7.2) ^(A) := (^,ZA> = 51 CkA'', A = (Ai, . . . , A„) e B„, 

keNo 

and 

|(^(A)| < -JML, A=(Ai,...,A„)eB„. 

Arveson showed that the algebra F!^{y-p^) can be identified with the algebra of all multipliers of H^. 
Under this identification the creation operators Li :— Pp-2Si\p2^ i = on the symmetric Fock 

space become the multiplication operators Mz^, . . • , M^,^ by the coordinate functions zi, . . . , z„ of C". 

Theorem 7.3. Let ip = {ipi, . . . , ipn) G F^O^Vc) C" be a non-scalar operator with < 1. Under the 
identification of the symmetric Fock space F^ with the Drury-Arveson space H^, the composition operator 
: Fg — > Fg has the functional representation 

(C^/)(A) = /(V^A)), AeB„. 

Moreover, if f E F^ , then 

(C^^/)(A) = (/,2A°V^), AeB„, 

where z\ := J2ae¥+ ^aSa- 

Proof. As in the proof of Theorem 17.11 due to the noncommutative commutant lifting theorem, there is 
tp ~ {(fii, . . . ,ipn) S F^ (g) C" a non-scalar operator with ||^|| < 1, such that (p*\p2 — ip* , i ~ 1, . . . In 
particular, due to (|7.2p . we have ^p{X) = ?A(A), A G B„. Fix / = XQeF+ ^aSa G F^ and A e B„. Since 
z\ e F^ and Pp2ipa\F^ = for all a e F+, we can use relations (|7.2p . (j2.9p . as well as Corollary [23] and 
Theorem 17.11 to obtain 

f{ip{\)) ^ {f,z^(^x)) = {f,Zvw) = {f,C*^zx) 
= {Ci^f,zx) = ( X! (^a^»l,zx) 

= ( ^ aaPp^tpal^Zx) = ( ^ aa-4)al,Zxj 
\q6F+ ' \aeF+ / 



(c^f,zx) = {C^f){\). 



Therefore, the first part of the theorem holds. To prove the second part, note that according to item (iii) 
of Theorem 17.11 we have 

OO 

(7.3) = E E (/' V~4i)) Pp^eo., f e Fl 

k=0 \a\ = k 

On the other hand, since zx G F"^ , part (i) of Theorem 17. II implies zxo i/j £ F^ and 

OO 

o -0 = E E ^"^"1' 

k=0 \a\=k 
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where the convergence is in Consequently, using relations (|7.3|) and (|7.2|) . we deduce that 

(oo \ oo 

/'EE ^"^"i) = E E (/'^"i)^" 
fc=0|a|=fe / fe=0|Q| = fc 

= (E E (/,V~a(l))e.,ZA) 

for any A G B„. The proof is complete. □ 

Since tp{X) G V-p^ for all A G B„ part (ii) of Theorem 17.11 implies the following result concerning the 
composition operators on the symmetric Fock space and, consequently, on the Drury-Arveson space 
H^. The next result was obtained by Jury using different methods. 

Corollary 7.4. Let ijj — {ipi, . . . , V'n) G i^^(V-p^) (g) C" he a non-scalar operator with < 1. Then the 
composition operator : — ^ F^ is bounded and 

1 / „ f 1-iiAip A'/' „^ „/ /i + ii^(o)r'/' 



< sup , „ ' ' ,„ < \\Cj\\ < 



(1 - ii^(o)ip)i/2 - AeB„ vi - iiV'(A)iiv - " - vi - \\m\ 

It is obvious now that the formula for the spectral radius of (see Corollary I7.2p holds. We also 
remark that one can deduce commutative versions of Corollary [531 Theorem 12.61 and Corollarv l2.7l We 
leave this task to the reader. 
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